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Abstract — Spatial réationships among image objects play a
vital rolein countless domains of computer vision (e.g., pattern
recognition, image understanding, scene description). Some
have received consider able attention the last few years (e.g., “to
the right of,” “a bove,” “ to the left of” and “below”), but others
have not been the subject of as much investigation. In this pa-
per, we design consistent fuzzy models of three important spa-
tial relationships: “surr ounded by,” “between” and “among.”
These models are based on the histogram of forces, which rep-
resents the relative position between two dojects. Here, force
histograms are assmilated to fuzzy sets and processd through
their a-cuts. Our goal is to extend the apabilities of a fuzzy
system for linguistic scene description introduced in an earlier

paper.

|. INTRODUCTION

Spatial relationships among image objects play a vital
role in countless domains of computer vision. Freaman tried
to draw up an exhaustive list of “primitive’ relationships and
came up with 13 names (such as “abowe’, “nea”, “between”,
“inside’, etc.) [1]. He aso proposed the use of fuzzy rela
tions, because “al or nothing” standard mathematical rela
tionsare dealy not suited for models of spatial relationships.
Freeman's ideas were widely adopted. However, 2D objeds
were often assmilated to very elementary entities such as a
point (centraid) or a (bounding) redangle. The procedure is
practicd, but yidlds poor models because of the lossof a lot
of morphological information. Krishnapuram et al [2] and
Miyajima and Ralescu [3] tackled this problem in parallel
and came up with similar propositions. They developed the
idea that the relative position between two objeds can have a
representation of its own and can thus be described in terms
other than spatial relationships. However, the representation
set out in [3] shows sveral weaknesss (e.g., requirement for
raster data, long processing times, anisotropy). In [4][5],
Matsakis and Wendling introduced the histogram of forces. It
proved to be a powerful tod, studied for numerous appli ca-
tions (e.g., pattern recgnition [6], scene matching [7], lin-
guistic scene description [8], spatia databases [9]).

The histogram of forces lends itself, with great flexihility,
to fuzzy definitions of diredional spatial relations (such as
“to the right of”, “in front of”, etc.) [8]. In this paper, we
consider its use for the modeling o other important relation-
ships: “surrounded by,” “between” and “among.” They are
represented by fuzzy relations s, b and a. Although the

preposition “between” usually denotes a ternary relation, its
model b is binary, as are s and a. For instance, the degree of
truth of the proposition “A is between B; and B," is
b(A,B1[1B,), and the degreeof truth of “A isamong By, B,, B;
and B," is a(A,[JB). Contrary to “between,” the term
“surrounded by” does not belong to the list of primitive
names for spatial relations drawn up by Freaman in [1]. How-
ever, it can be related to the dement that Freeman refers to as
“insde” The rdation “surround” then corresponds to
“outside.” It is the semantic inverse of “surrounded by,” i.e.,
the propositions “A is surrounded by B,, B, and B;” and “B;,
B, and B; surroundA” are equivalent. The term “among” does
not belong to Freeman’slig either. We cdl “among” a spatial
relationship similar to “between.” The main differenceis that
“betwean” usudly involves three objeds (A, and B; and B,)
whereas “among” involves four objeds or more (A, and at
least threeother objects).

Fuzzy definitions of “surrounded by,” “between” and
“among” are proposed in Sedion Il1, and tested on red data
in Sedion 1V. Concluding remarks are given in Sedion V.
Sedion Il covers sme &isting modds and briefly presents
the notion of the histogram of forces.

Il. BACKGROUND
A. The Histogram of Forces

The relative position of a 2D object A with regard to an-
other ohjed B can be represented by a function F*® from R
into R, cdled the histogram of forces associated with (A,B)
via F, or the F-histogram associated with (A,B). For any
diredion 6, the value F*8(6) is the scalar resultant of elemen-
tary forces. These forces are exerted by the points of A on
those of B, and each tends to move B in diredion 8 (Fig. 1).
Actually, the letter F denotes a numerical function. Consider
any real number r. If the dementary forces arein inverseratio
to d’, where d represents the distance between the points con-
sidered, then F is denoted by F,. The Fy-histogram (histo-
gram of congtant forces) and the F»-hisogram (histogram of
gravitational forces) have very different and very interesting
characteristics. The former provides a global view of the
situation. It gives equal consideration to bah the object’s
closest and farthest parts, whereas the F,-histogram focuses
on the closest parts.



Fig. 1. Force histograms. (a) F*®(6) is the scalar resultant of forces (black
arrows). Each one tends to move B in drection 6. (b) The hisogram of
congtant forces associated with (A,B). It represents the position of A relative
to B. (c) The histogram of gravitational forces associated with (A,B). It is
anather representation of the relative position between A and B.

The histogram of forces encapsulates dructural informa-
tion about the objects as well as information about their spa-
tia relationships. It offers lid theoretical guarantees and
nice geometric properties, ensures fast and efficient process-
ing of vector data as well as of raster data, and enables the
handling o fuzzy objeds as wdll as crisp dojects, intersed-
ing objectsaswell as digoint objeds, and unbounded objeds
as well as bounded objeds. Force histogram computation
benefits from the power of integral calculus, is highly paral-
Ielizable, and utilizes a well-known algorithm that is com-
monly circuit coded in visualization systems. Details can be
found in [4][5][7][ 8].

B. Existing Spatial Modd's

Spatial relationshipslike “surrounded by,” “between” and
“among” play an important role in the interpretation of a
scene, and several methods of assessng these relationships
have been proposed. There ae two main approaches. The
first oneishbased on such rulesas (R;) and (R) [10][11]:

(Ry) IFB;istotheright of A AND B, isto theleft of A
THEN A is between B, and B,
(R,) IFBistotheright of A AND B isabove A AND
Bistotheleft of AAND Bisbelow A
THEN A is surrounded by B

The main weaknessof this approach comes from the fact that
it is very difficult to expressthe necessary conditions for a
spatial configuration to occur (instead o sufficient condi-
tions). In the @se of Fig. 2(a) for insgance, the proposition “A
is between B, and B,” cannot be asessed wsing (Ry). Only a
low (and useles9 lower bound o its degreeof truth would be
obtained. Moreover, arule like (R,) assumes that an object
can be in many diredions with resped to ancther. This way
of modeling diredional relationships is questionable: gener-
aly, people do not combine more than two spatial preposi-

tions when trandating visua information into natural lan-
guage descriptions [12][13]. Lastly, one should be aware of the
implicit assumptions on the objeds. (R,), for instance should
be applied only if B does not intersed the convex hull of A,
i.e, if it is known that A does not surround B at al. Indeed,
the dirediona relationships are tied by the semantic inverse
principle [1] (e.g., Aisto theleft of B as much as B is to the
right of A). Therefore, without constraints on the objects,
thereis no way to know which objed surrounds (or includes!)
the other. Thisisillustrated by Figs. 2(b)(c).

In the second approach, the considered relationships are
not derived from other “even-more-primitive’ relationships.
Ingead they are assessd dredly. Most examples can be
found in the modeling of “surrounded by” and are based on
the omputation of a histogram of angles. For any pixel P of
A, let 65 be the angle made by the two tangents from P to B as
in Fig. 3. To each element 6 of [0,271] , the histogram associ-

ates the number of pixels P such that the angle 6 is equa to
6. In [14], the degreeof truth for “A is surrounded by B” is
produced by a multilayer perceptron fed by the histogram
values. Other authors resort to a deaeasing membership
function u from [0,271] into [0,1] such that u(6) is1if 8is0

and is 0 if 6isgreaer than 7z In [11] for instance, the histo-
gram of anglesis asdmilated to a fuzzy set and matched to L.
In[2], it isused to compute the agygregated value of the Li(6y)
when P describes A. The spatial models above @l derive from
Rosenfeld’ s visual surroundedness[15]. They asaume that the
objed B is conneded and does not intersed A. They are not
extremely robust since the results are not sensitive to the
thickness of the surrounding olject, only to tangency points.
Moreover, they cannot handle vedor data, and are computa-
tionally expensive.

Fig. 2. (@) “B;istotheright of A” and “B, isto the left of A" are true to a
certain extent only. Most fuzzy models [16] would produce degrees of truth
lower than 0.5. However, A is clearly between B, and B,. In (b) asin (c), the
same fuzzy model s would assess B to be somewhat above, below, to the right
andto the left of A aswell. It does not mean that Ais surrounded by B. In (b),
AsurroundsB. In(c), Aisincluded in B.

Fig. 3. Angle hisogram computation for the modeling of “ surrounded hy.”



IIl. NEW SPATIAL MODELS

In this sdion, two objects, A and B, are onsidered. The
normalized histogram F.** / maxy F.A(6) is denoted by H
and assmilated to a fuzzy set (Fig. 4(a)). The symbol H?
denotes the support of H if a is 0, and the cut of level a if a
belongstothe interval (0,1] (Fig. 4(b)). For any a, the set HY
is represented by a polar diagram (Fig. 4(c)). Imagine that A
and B are the ohjeds of Fig. 4(d) (B is composed o four
conneded components). When the radius of A and the thick-
nessof B bath tend towards 0, the normalized histogram H
becomes crisp, and the polar representation of any HY be-
comes exactly like Fig. 4(c), i.e., it merges with the configu-
ration in the ohject space

With any set H* we asciate 2q angles: z, 2, ..., z
(*z" asin zero) and 0y, 0y, ..., 04(*0" @sin one). All these
angles belong to the interval [0,27]. Moreover: z272>..>
and 0,20,2...204. The value q is the number of arcs in the
polar representation of HY This is illustrated by Fig. 4(e).
When H? is equal to the referential set (i.e., the set of red
numbers), g=1 and z=0 and 0,=277(case of Fig. 5(@)). If qis
greaer than 1, two ather anglesy; andy, can be defined (Fig.
4(e)). Wehave y;=2z+2z, and y,=z,+2.

A. “ Surourded by” a-Cuts

The degreeto which the set H* describes a “ surrounded”
situation is denoted by s”(A,B). It is a real number that be-
longsto the interval [0,1]. We propose the simple expresson
bel ow, where k denotes ome positive value (in our expei-
ments, k =1). The highest possble degree 1, isreached when
71 is 0 (seeFig. 5(a)). The higher z, the lower s’(A,B) (see
Figs. 5(b)(d)). Note that s”(A,B) does not depend an the
number of arcs that are around the ceater point in the polar
representation of HY (as far as z, remains the same).

(A ,B) = max (0,1—k%)
B. “ Between” a-Cuts

The degree to which the set H” describes a “between”
situation is denoted by b“(A,B). We monsider that the rdla
tionship should not apply when q is 1, and that the highest
values should be reached when qis 2 (i.e., when exactly two
arcs are aoundthe center point in the polar representation of
HY). However, z and z should be dose to each other, i.e,
the ratio z/z should be high (Fig. 6(a)). There is nothing
preventing z and z from being small (Fig. 6(b)), but
min(y,,Y.) should not be too small (Fig. 6(c)). The Stuation is
not as ideal when q is greater than 2 In acocordance with
Figs. 6(d)(e)(f), we wmnsider that z; should be smal com-
pared to z, and z,, i.e., the higher z/z, the lower b“(A,B). In
conclusion, we propose the definition below, where k, k' and
k" denote three positive red numbers (in our experiments,
k=1 k' =1and k" =2).

=10 b(AB)=0

=20 b%(A,B)=min (1,k 22 kL 2
z' nmoom

20 bAAB)=min(1, k2 kL kY2
Z T

, max (0,1—k"z—3))
1 n 2

C.“Among’ a-Cuts

The degree to which the set H” describes an “among”
situation is denoted by a“(A,B). When q is lower than 3, we
consider that the relationship should not apply. When q is
greder than or equal to 3 we e&pect the acs in the polar
representation of H” to be comparable in size and evenly
distributed around the center point. The best caseisillustrated
by Figs. 7(a)(d), in which z=z, and 0,=0y, i.e,, =(2z)/q
and 0,=(2;0)/q. The worst cases are illustrated by Figs.
7(b)(e), in which either z>>2, or 0> 0, i.e, z=3z O
0,=2; 0, . Hencethe proposed definition below:
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Fig. 4. (a) Thenormalized forcehistogram H isassmilated to a fuzzy set.
(b) H isthe aut of level a. (c) Polar representation of HY. Wewould get a
very similar diagramif the objects A and B wereasin (d). () Anglesassci-
ated with H’.
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Fig. 5. Degreetowhich H” describesa “surrounded” situation.
(a) s"(A,B)=1. (b) s7(A,B)=0.5. (c) s”(A,B)=0.5.
(d) s°(A,B)=0. (e) s”(A,B)=0.9. (f) s"(A,B)=0.8.



g<30 a%(AB)=0

230 a%AB)=min (— 4 -4 _ZHO~O0
2z, -(%iz)/a  Zo -(%9)/q

D. Wrapping Computation Scheme

The spatial relationships “surrounded by,” “between” and
“among” are modeled by fuzzy binary relations. s, b and a.
One might consider that the histogram values are not redly
useful, and that the most important is the knowledge of the
diredionsin which forces appea—whatever the type and the
amplitude of these forces. Therdations s, b and a could, there-
fore, be defined asfollows S(A,B)=<(A,B), b(A,B)=b"(AB) and
a(A,B)=a"(A,B). The method, however, is drastic. Moreover,
it isnot extremely robust. Althoughthe values s*(A,B), b“(A,B)
and a“(A,B) vary in a @ntinuous manner when an arc or a gap
in the polar representation of H extends gradually at one of
its ends, continuity is generaly disrupted when an arc stretches
to merge with its neighbor or shrinks to dsappea.

All H” sets should therefore be mnsidered. In practice
the fuzzy set H can be represented by a finite number of a-
cuts; H™, H%, ..., H™. The values ay, o, ..., O, are such
that: a,=1>05>...>0:>0.1=0 and HOH®0. .. OH"=H°.

(d)
Fig. 6. Degreeto which HY describesa“ between” situation.

(a) b“(A,B)=1. (b) b“(A,B)=1. (c) b“(A,B)=0.4.
(d) b?(A,B)=0. (e) b%(A,B)=0.5. (f) b“(A,B)=0.8.

@
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Fig. 7. Degreeto which HY describesan “among’ dtuation.
(a) a”(A,B)=1. (b) a“(A,B)=0.1. (c) a“(A,B)=1.
(d) a%(A,B)=1. (e) a“(A,B)=0.2. (f) a“(A,B)=0.8.

The degrees of truth s(A,B), b(A,B) and a(A,B) can then be
defined as follows, using the general computation scheme
proposed by Dubois and Jaulent in [17]:

S(AB) = 5 m s"(AB), )
b(A,B) = 3 m b“(A,B) 2
and a(AB)= 5 m a“(AB), 3
where m=a,—0;,1. 4

Theresults presented in [17] rely on Shafer’s theory of beli ef
functions [18] and its links with fuzzy set and posshility
theory [19]. Such links make satisticd interpretation of
membership functions possble [17]. For instance, the spatial
relationship “between” measured on (A,B) yields the foll ow-
ing probability distribution:

pb | [0!1] - [0!1]
X - % mdxb%(AB))

where &(x,b%(AB)) is 1 if x is equal to b“(A,B) and is 0 oth-
erwise. The degreeb(A,B) as stated in Equation (2) is smply
the rresponding expeded value. Instead o this sngle num-
ber, a fuzzy interval could also be obtained by transforming
Py into a posshility distribution [17]. In this paper, Equation
(4) will be replaced by Equation (5) below, where f denotes a
continuous non-increasing function from [0,1] to IR.. If f(X) is
1, then (4) and (5) are equivalent. Four examples of functions
faregiven by Fig. 8.

ai
J’ f (x)dx

_ iy
m=—

©)
ij (X)dx

Fig. 8. Examplesof functionsf for the
definition d basic probability assgnments.

The L-shaped function corresponds to the case where the
sets HY are all ignored hut H°. As mentioned above, the sup-
port H® seams to be the most appropriate set for describing
the relationships between the ohjeds A and B (whereas, para-
doxically, the @re H' seams to be the less $gnificant). Con-
sidering dfferent types of force and other basic probability
assgnments than the ones defined by (4), makes it posshle to
design spatial models that are more or less ensitive to the
variahility of the forces at work, i.e., to the relative thickness
of the objects and to the rdative distance between them. This
isillustrated by Fig. 9 and Table |. When relying on constant
forces (Fo), the “between” models do not care about the in-
creasing distancein situations 4, 5 and 6. However, they are
very sensitive to the length of the right redangle in situations
1, 2 and 3. This @nditivity can be ontrolled by f. With
gravitational forces (F,), it is just the opposite. The models
pay special attention to relative distance and much lessto
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Fig. 9. Different “between” sStuations.
Aistheblack square, B isthe union of thetwo gray rectangles.

TABLEI

THE VALUES OF b(A,B) FOR THE SITUATIONSIN FIG. 9 DEPEND ON THE
FORCE HISTOGRAM AND ON THE BASIC PROBABILITY ASIGNMENT

Fo F,
N L\
1.00 1.00| 1.00
0.58 1.00| 0.96
0.38 1.00| 0.93
1.00 1.00| 1.00
1.00 1.00| 0.42
1.00 1.00| 0.19

N

1.00
0.77
0.57
1.00
1.00
1.00

L

1.00
1.00
1.00
1.00
1.00
1.00

AN

1.00
0.87
0.81
1.00
0.26
0.10

1.00
0.35
0.21
1.00
1.00
1.00

1.00
0.64
0.56
1.00
0.14
0.05

OO [IWIN|F-

relative thickness For our experiments, in Sedion IV, we
used F,-histograms and the basic probebility assgnments
defined by the ac-shaped function. They gave the best intui-
tive results (acoording to cur own perception).

IV. EXPERIMENTS

We considered two LADAR (Laser Radar) images provided
by the Navd Air Warfare Center (Fig. 10). Both were used in
previous works to test different fuzzy systems for automatic
target recognition [20] and linguistic scene description [8]. The
system presented in [8] relies on the computation of force
histograms. It outputs descriptions that make use of spatial
prepositions related to diredional relationships. For instance
the object Ain Fig. 10(b) isfound to ke “perfedly to theright
of B,,” “below-right of B,,” etc. The histograms computed
are F*®:, F*%, etc. Consider the group of buildings 4, 5 and 6
in Fig. 10(d). Relative to that group, the tower 1 is “to the left
but alittle above,” the tower 2 is “perfectly to the left,” and the
storehouse 3 is “perfedly abowve but dightly shifted to the left.”
Now, consider Fig. 10(b) again. If the system was asked to
describe the position of A with resped to OB;, it would have to
generate F(“®)A Thisis an easy task, because F(“B)A=5; FB*
and: [J6[JR, F** (8)=F" (8-n) [7]. The first equation comes
from the fact that forces are additive and nB; is empty. Know-
ing F("™®)A the system would then be able to ouput the
requested lingugtic description. However, in this particular
case, it would come to the conclusion that none of the direc-
tional relationships are relevant, and would dsplay the mes-
sage“ 7?77?72 \We now have the ahilit y to extend the system.

Fig. 11 shows ten configurations extracted from Figs.
1Q(b)(d). For each configuration, the degrees of truth s(A,B),
b(A,B) and a(A,B) have been computed (see Table I1). The
highest degree if greater than some threshold (0.5), indicates

Fig. 10. (@) Filtered LADAR rangeimage of a Surface-to-Air Missile site
with convoy. (b) Objects detected by the Automatic Target Reaognition
system described in [20]. (c) Filtered LADAR rangeimage of a power plant.
(d) Hand-segmented image used in [8].

the spatial relationship which suits the onfiguration best.
This relaionship is aso shown in Fig. 11. In Fig. 11(g), the
fuzzy system presented in [8] deteds a large anount of ambi-
guity. It datesthat “A is loosdy bdow B” and notes that “the
description is unsatisfactory.” The second pert of the messge
prompts the user to turn to relationships other than diredional
ones. The extended system would stick to this output anyhow,
because the values s(A,B), b(A,B) and a(A,B) are too low. In
Fig. 11(j), the anount of ambiguity deteced by the original
system is even larger, and no appropriate description can be
given. Although the value s(A,B) is quite high, one should not
state that “A is surrounded by B.” As happens with the rule-
based methods (Sedion I1.B), it is important to make sure
beforehand that B does not intersed the anvex hull of A (or
that A is “rather” compact, and that A and B do not intersed
“much”}—which isnot the ase here. Thisisthe priceto pay for
concurrent assesgnent of dirediona relationships and spatia
reationships like “surrounded by,” “between” and “among.”
Findly, here ae some results obtained when choosing other
basic probabili ty assgnments (seeSedion 111 .D). With the stan-
dard assgnments (Equation (4)), the highest degrees of truth
are often lower than 0.3, and no relationship really stands out.
When f is the steg L-shaped function (the a-cuts of the fuzzy
set H are ignored, only the support H° is considered), the
results tend to ke aisp, and are much less stisfactory (ac-
cording to aur own perception). In Fig. 11(d) for ingtance A is
found to be “between B” (b(A,B)=0.85 and a(A,B)=0.72); for
Fig. 11(g), we get s(A,B)=0.91 (instead of 0.41); in Fig. 11(h),
A is “surrounded by B” (s(A,B)=0.94 and b(A,B)=0.00); in
Fig. 11(i), we have s(A,B)=1.00 (instead of 0.63).
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Fig. 11. Ten configurations extracted from the images shown in Fig. 10..
Aisthe black object, B isthe union of the gray ones.

TABLE I

VALUES OF s(A,B), b(A,B) AND a(A,B)
FOR THE CONFIGURATIONS DEPICTED IN FIG. 11

@ ® Q| d|]E@ [O|@]|®O | O/ 0
0.23 | 0.08 | 0.07 | 0.23| 058 | 0.92 | 0.41 | 0.58 | 0.63 | 0.68
0.29 | 092 | 0.71 | 047 | 0.62 | 0.02 | 0.01 | 061 | 0.16 | 0.12
a|0.71] 000|000 | 0.67 | 0.06| 002|001 |0.00|0.00 | 0.00

T (»n

V. CONCLUSION

We have shown that the histogram of forces can be am-
ployed to design consistent fuzzy models of spatia relation-
ships like “surrounded by,” “between” and “among.” Com-
pared to aher exiging methods, force histogram-based
methods are omputationally much less expensive; they are
able to handle non-conneded objects and groups of objects;
they are able to handle vedor data & well asrager data; and
a variety of gspatial models, more or less enstive to the
thickness of the ohjeds and to the distance between them,
can be defined. Another important advantage is that the di-
redional relations (i.e., “to the left of,” “above,” etc.) can be
assessd concurrently. Unfortunately, there is a price to pay:
as happens with the rule-based methods, we have to make
sure beforehand that the mnsidered ohjects stisfy certain
constraints (e.g., one object is compact and des not intersed
the other object, or one of the objeds does not intersed the
convex hull of the other object). Only specific tools, dedi-

cated to the evaluation of the spatial relationships studied
here, can overcome this limitation. Designing new types of
force histograms constitutes a promising avenue. The idea is
to adopt novel sets of axiomatic properties, and to change the
way the longitudinal sedions are handled [4][5].
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