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Abstract

This paper considers the question of whether or not a Ps-free graph can be 4-colored in polynomial
time. It is known that a connected Ps-free graph G must have either a dominating clique or a dominat-
ing Ps. Thus, when considering the 4-coloring question, we have three cases of interest: either G has a
dominating K4, a dominating K3, or a dominating Ps. In this paper we demonstrate a polynomial time
approach for determining whether or not a P5-free graph G with a dominating K4 can be 4-colored.
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1 Introduction

Graph coloring is among the most important and applicable graph problems. The k-colorability problem
is the question of whether or not the vertices of a graph can be colored with one of & colors so that no two
adjacent vertices are assigned the same color. In general, the k-colorability problem is NP-complete [15].
Even for planar graphs with no vertex degree exceeding 4, the problem is NP-complete [10]. However,
for other classes of graphs, like perfect graphs [13], the problem is polynomial-time solvable. For the
following special class of perfect graphs, there are efficient polynomial time algorithms for finding optimal
colorings: chordal graphs [11], weakly chordal graphs [14], and comparability graphs [8]. For more
information on perfect graphs, see [1], [12] and [5].

Another interesting class of graphs are those that are P-free, that is, graphs with no chordless paths of
length t — 1. If t = 3 or t = 4, then there exists efficient algorithms to answer the k-colorability question
(see [5]). However, for t = 5,6, or 7, the complexity of the problem is unknown; for £ > 8 the problem
is NP-complete [19]. To handle the unknown cases, a natural first step is to consider what happens if the
value of k is fixed. Taking this parameterization into account, a snapshot of the known complexities for
the k-colorability problem of P;-free graphs is given in Table 1.

Notice that when ¢ = 5 and k = 3, the question can be answered in polynomial time (see [19]), but for
t = b5 and k = 4 the complexity remains unknown. In this paper we focus on this boundary case and
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7 | O(m) | O(m) ? 7| 2| NP, | NP, | NP,

Table 1: Complexities of k-colorability of P;-free graphs

attempt to determine the complexity of the 4-colorability problem for Ps-free graphs. This is a natural
place to continue the research since P5-free graphs have already been widely studied. In particular, Bacsé
and Tuza [4] have shown that in every connected Ps-free graph there exists a dominating clique or a
dominating P3. Since we are considering the 4-colorability question, we need only consider Ps-free
graphs without a K5 (since at least 5 colors are required for such graphs). If the graph is not connected, we
can consider the connected components separately. Thus, for the remainder of this paper we will assume
that we are dealing with a connected Ps-free graph G with no K. This gives rise to 3 cases: G has a
dominating K4, G has a dominating K3, or G has a dominating Ps.

For the case where there is a dominating K4 we prove that the 4-colorability question can be answered in
polynomial time. The remaining two cases remain open questions.

The remainder of the paper is presented as follows. We begin in Section 2 with relevant graph definitions,
concepts, and notations. We then present a general strategy for attacking the 4-colorability question in
Section 3. In Section 4 we apply the strategy to the case of a dominating K4. We conclude with a
summary of the results in Section 5.

2 Background and Definitions

In this section we provide the necessary background and definitions used in the rest of the paper. For
starters, we assume that G = (V, E) is a simple undirected graph where |V| = n and |E| = m. If A is
a subset of V, then we let G(A) denote the subgraph of G induced by A and let N(A) denote the set of
vertices in V' — A that are adjacent to some vertex in A.

DEFINITION 1 A set of vertices A is said to dominate another set B, if every vertex in B is adjacent to at
least one vertex in A.

DEFINITION 2 A set of vertices A is B-null if no vertex in B is adjacent to a vertex in A.
DEFINITION 3 P, denotes the chordless path on t vertices and t — 1 edges. Such a path has length t — 1.

DEFINITION 4 Given a graph G, an integer k and for each vertex v, a list [(v) of k colors, the k-list
coloring problem asks whether or not there is a coloring of the vertices of G such that each vertex receives
a color from its list.



DEFINITION 5 The restricted k-list coloring problem is the k-list coloring problem in which the lists I(v)
of colors are subsets of {1,2,...,k}.

DEFINITION 6 In the k-list coloring problem (restricted or not), a vertex v is said to be t-listed if its list
[(v) has size t.

The following definition of 2-SAT is important since we can map any 2-list coloring instance to the prob-
lem of 2-SAT.

DEFINITION 7 Given a boolean formula E in conjunctive normal form such that each clause contains two
literals (a literal is a variable or its negation), the 2-SAT problem asks whether there is a truth assignment
to the variables that satisfy F.

It is well known that 2-SAT can be solved in polynomial time (see [3, 7, 9]). In particular, [3] has the proof
of the following theorem.

THEOREM 1 Any 2-SAT problem can be solved in O(n?) time where n is the number of variables in the
formula.

It is well-known and easy to prove that the general 2-list coloring problem can be reduced to the 2-SAT
problem.

We now prove a result that will be needed later.
THEOREM 2 The restricted 3-list coloring problem for Ps-free graphs is polynomially solvable.

Proof of Theorem 2. Let G be a Ps-free graph. We may assume that G is connected, for otherwise, we can
recursively color each component of G (or decide that there is no 3-coloring). We also may assume that
G has at least three vertices. Let ® be an instance of the problem, that is, ® is a collection of lists [(v) for
each vertex v.

The graph G has to be K4-free, for otherwise, ® has no solution. By the result of [4], G has a dominating
K3 or P3. Consider the case when G has a dominating K'3. There are at most 3! colorings of this K5. Once
one such coloring is assigned to the K3, each of the remaining vertices v can have at most 2 colors, that
is, the vertices of G — K3 are 2-listed (for example, if vertex = € K3 gets color 1, then for each neighbor
y of z, I(y) can no longer contain 1). Each coloring of the K3 gives rise to a 2-SAT formula. We only
need to solve at most 6 such formulas to obtain a solution to the original instance ®. The case that G has
a dominating P can be handled in the same manner. O

A similar proof has been used by [18] for the 3-coloring problem on Ps-free graphs. However for a given
class C of graphs, it is unknown whether or not a solution to the k-colorability problem for C' can be used
to solve the restricted k-list coloring problem for C.

3 Coloring Strategy

In this section we will outline our general strategy for finding a polynomial-time algorithm to answer the
4-colorability question for Ps-free graphs.



Our approach is to take an instance of a specific coloring problem & for a given graph and replace it
with a polynomial number of instances ¢1, ¢2, @3, ... such that the answer to ® is “yes” if and only if
there is some instance ¢y, that also answers “yes”. In general, if each ¢; corresponds to one of the two
aforementioned results, then we can answer the coloring question @ in polynomial time.

For example, consider a complete graph with four vertices u,v,w,x where each vertex has color list
{1,2,3,4}. This 4-listing corresponds to our initial instance ®. Now, since vertex u has four choices, we
can consider each of the 4 ways to color « to obtain four new instances that together are equivalent to ®:

¢1: u =1 and v,w, z are 3-listed with {2, 3,4},
¢2: u =2 and v, w, z are 3-listed with {1, 3,4},
¢3: u =3 and v, w, z are 3-listed with {1,2,4},

¢4 u =4 and v, w, z are 3-listed with {1, 2, 3}.

Notice that each of the vertices v, w, x became three listed since they are all adjacent to u and thus cannot
be assigned the same color as u. Of course we cannot simply continue to perform this type of reduction on
all vertices since this will lead to 4™ new instances which is not polynomial in number. However, in this
case we can apply Theorem 2 to each of these 4 new instances. By solving them independently we can
obtain an answer to the original problem in polynomial time.

To apply this strategy to the three cases of a dominating K4, K3 or P3, we begin by coloring these specific
vertices. For example, in the case of the dominating K4, we color each vertex in the K4 a unique color
from {1, 2, 3,4}. We need only consider one of these colorings, since the other 4!—1 possible colorings are
equivalent. Since every other vertex is adjacent to at least one of these vertices, the colors allowed by these
vertices become restricted which means that these vertices become either 3-listed, 2-listed, or 1-listed.
If there are no 3-listed vertices then we can immediately apply Theorem 1 to answer the 4-colorability
question. Thus, we need only focus on those vertices that are 3-listed.

4 Dominating K

In this section we assume that connected Ps-free graph G has a dominating K4 = {v1,v2,v3,v4}. Without
loss of generality, we assign a unique color to each of the four vertices: v; = 1,v9 = 2,v3 = 3, and vy = 4.
The remaining vertices get partitioned into sets depending on their adjacencies to the K4. Since no vertex
can be adjacent to all four vertices in the K4 (since G is assumed to be K5-free), we obtain the following
sets:

e S;: the set of all vertices adjacent to exactly v; in the K4 where 1 < ¢ < 4.

e 5;;: the set of all vertices adjacent to exactly v; and v; in the K4, where 1 <i < 5 <4

e S;jk: the set of all vertices adjacent to exactly v;, v;, vg in the K4, where 1 <1 < 7 <k <4

A visualization of these sets is given in Figure 1.

The sets S;;, are called the fixed color sets, since they have only once choice of color if G is 4-colorable.
Each vertex in the sets S;; is 2-listed: it has the choice of two colors. Each vertex in a set S; is 3-listed:
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Figure 1: Visualization of a Ps-free graph with a dominating K4 with many edges missing.

it has the choice of 3 colors if G is 4-colorable. Observe that since there is no K5 in GG, any two vertices
in the same fixed color set must not be adjacent. Additionally, for each vertex in a fixed color set, we
can remove its fixed color from the lists of each of its neighbors. The resulting color lists for the vertices
becomes our original list coloring problem instance ®.

To apply the strategy outlined in the previous section, we will replace this problem instance ® with an
equivalent set of new problem instances ¢1, ¢2, @3, . . ., such that each of the ¢ can be solved in polyno-
mial time. To obtain a polynomial time algorithm, the number of new instances must be polynomial in
number.

The following subsection outlines two helpful lemmas that will aid us in achieving this goal.

4.1 Helpful Lemmas

For each lemma, G = (V, E) is a Ps-free graph with no K5. Additionally, X and Y are disjoint subsets
of V where every vertex in X is adjacent to some vertex in Y and every vertex in Y is adjacent to some
vertex in X . Illustrations of the structure for each lemma are shown in Figure 2.

LEMMA 1 If there exists vertices u,v,w € V. — X — Y where (u,w), (v,w) € E such that:

o u dominates X and is Y -null,
e v dominates Y and is X -null, and

o w is both X-null and'Y -null,

then there is a vertex y € Y that dominates X.
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Figure 2: (a) Illustration for Lemma 1. The dotted line indicates that the edge may or may not be present.
(b) Illustration for Lemma 2.

PROOF: Consider a vertex y € Y that is adjacent to a maximal number of vertices in X. Suppose that y
does not dominate X. Then there must exist a vertex 2/ € X that is not adjacent to y but is adjacent to
some 3’ € Y. Now, since y is adjacent to a maximal number of vertices in X, it must be adjacent to some
vertex z € X that is not adjacent to y'.

Now, if neither (z,z') nor (y,y') is an edge in E, then we obtain the Ps = z,y,v,y’,z’. However, if
(z,2') € E we obtain the Ps = z,z',y',v,w and if (y,y’) € F we obtain the Ps = y,%',z', u, w. Thus,
by contradiction, ¥ must dominate X . O

LEMMA 2 [f there exist adjacent vertices v,w € V — X — Y such that

o v dominates Y and is X -null, and

o w is both X -null and'Y -null,

then there there is a complete subgraph K1, Ko, or K3 in G(Y') that dominates X.

PRrROOF: Consider a vertex y € Y that is adjacent to a maximal number of vertices in X. If y does not
dominate X, then there must exist a vertex ¢y’ € Y that is adjacent to a maximal number of vertices in X
that are not adjacent to y. This means that there exists vertices =, z' € X such that (z,y) and (z',y') are
in E, but (z,%') and (z',y) are not.

If neither (z,z') nor (y,y’) is an edge, then we obtain the Ps = z,y,v,y',z’. If (z,2') € E, then we
obtain the Ps = z,z’, 7', v, w. In both cases we have a contradiction to G being Ps-free. Therefore we
must have the edge (y,y’) € E. Now if this edge does not dominate X then there must exist some vertex
y"” € Y that is adjacent to a maximal number of vertices in X, including z” that are not dominated by
{y,9'}. Now again by the maximality of y, we know there is some vertex in X that is adjacent to y but not



y". Using the same argument as with y and ', we must have the edge (y,y"”) € E. The same argument
can also be used between 4’ and 4"’ (by the maximality decision used for selecting 3’). Thus, we must have
the edge (y',9") € E.

Now, if the K5 = {y,y',y"} still does not dominate X, then there must exist a fourth vertex y"’ adjacent
to some vertex z" that is not dominated by the K3. However, by the same arguments as before y"”
must be adjacent to every vertex in the K3, which would mean that {y,y’,y",y", v} form a K5 in G - a
contradiction. O

4.2 Applying the Lemmas

Using the two lemmas presented in the previous subsection, we now focus on reducing the original re-
stricted 4-list coloring problem @ into an equivalent set of simpler problems that we can solve in polyno-
mial time. Recall, that after coloring the dominating K4 we partitioned the vertices into the sets depending
on their adjacencies to the K4. The vertices in all these sets became at most 2-listed except for S, S2, S3
and Sy which are 3-listed. We will describe how to reduce vertices in Sy so they become 2-listed. The
other cases will follow by symmetry.

To reduce the vertices in S, we must consider their dependencies (adjacencies) with the other vertices in
the graph. Recall, that such dependencies with the fixed colored vertices have already been factored into
the original list coloring problem. Thus, we need only focus on the other sets of 3-listed vertices along
with the sets of 2-listed vertices. The following three methods describe the reduction process for three
different cases that account for all of these sets:

Method 1: S; and S;;: Let X denote the set of all vertices in S; adjacent to some vertex in S;; and let Y
denote the set of all vertices in S;; adjacent to some vertex in ;. By Lemma 2, there is a set of vertices
K, Ky, or K3 inY that dominate X. However we color such a dominating set of vertices, the vertices in
X will become 2-listed. For example, if a vertex y in the dominating set gets color ¢, then the neighbors
of y in X must drop ¢ from their lists. Since it is impossible for there to be a K3 in S;; (otherwise there
would be a K5 in G7) this means there are at most two ways to color K or K. O

Method 2: S; and Sj;: Let X denote the set of all vertices in S; adjacent to some vertex in Sji and let Y’
denote the set of all vertices in S,; adjacent to some vertex in S;. By Lemma 1, there is a vertex y € YV’
that dominates X. For each color choice of ¥ we get a new instance. If we color y with the fourth color
(not equal to 4, 7, k), then each vertex in X becomes two listed (we are done). If we color y with color
1 then the vertices of X remain 3-listed. However, now we can remove y from the graph and recursively
apply the procedure. This will result in at most 2n colorings. O

Method 3: S; and S;: Let X denote the set of all vertices in S; adjacent to some vertex in S; and let Y’
denote the set of all vertices in S; adjacent to some vertex in S;. By Lemma 1, there is a vertex y € YV’
that dominates X . For each color choice of ¥ we get a new instance. If we color ¢ one of the two colors
not equal to 7, then each vertex in X becomes two listed (we are done). If we color y with color ¢ then the
colors from X remain 3-listed. However, now we can remove y from the graph and recursively apply the
procedure. This will result in at most 3n colorings. O

Focusing on S, we apply Method 1 to the sets S12, S13, S14 followed by Method 2 on the sets Sa3, S24, S34
followed by Method 3 on the sets Sa, S3, S4. Let A denote the set of all vertices in S that are adjacent to
at least one vertex in Seg U Soq U S34 U S12 U S13 U S14 U So U S3 U Sy4. After applying these methods,
the number of new coloring instances will be polynomial in number and all vertices in A will be at most



2-listed. The vertices in B = S1 — A, however, remain 3-listed. Fortunately, it is not difficult to handle
these vertices as we discuss next.

Observe that if a € A and b € B then a can not be adjacent to b, since it would imply the existence of a
Ps. For example, if @ is adjacent to a vertex z in S1o and a and b were adjacent, then b, a, x, vo, v3 would
be a P5 in G. Similar P5’s can be found for the other cases. Thus, it follows that N (B) consists only of
fixed-colored vertices. Since v is adjacent to all of B, the lists of vertices in B are subsets of {2,3,4}.
Thus, we can apply Theorem 2 to determine if there is a valid 3-coloring of B. If such a coloring exists,
then any 4-coloring of G — B will be compatible with such a 3-coloring of B. This completes the reduction
for S 1.

By repeating this procedure for Sg, S5 and S4, we end up with a polynomial number of instances where
the vertices are all 2-listed. By applying Theorem 1, we can determine whether or not these instances have
a valid coloring in polynomial time.

THEOREM 3 The restricted 4-list coloring problem for Ps-free graphs with a dominating K4 can be an-
swered in polynomial time.

S Summary

It is an open question as to whether or not there exists a polynomial time algorithm for determining whether
or not a Ps-free graph can be 4-colored. It is known that a connected Ps-free graph has either a dominating
clique or a dominating Ps. If such a graph can be 4-colored (and has three or more vertices), then it must
have either a dominating K4, K3, or Ps. In this paper we have shown that the 4-coloring question for
Ps-free graphs with a dominating K4 can be answered in polynomial time. The authors also believe that
the general strategy outline in Section 3 can be extended, with some modifications, to handle the remaining
two cases. We now discuss the case of the dominating K3. We can still apply Methods 1 and 3 to reduce S;
with respect to S;; and S;. However, we cannot apply Method 2 to reduce S; with respect to S;;, because
the hypothesis of Lemma 1 fails, the vertex w might not exist. It is conceivable that some variations of
Lemma 1 and Method 2 would solve the problem.

Another interesting question encountered in this research is: “When can the solution to the k-colorability
problem for a given class of graphs be used to answer the restricted k-list coloring question problem for
the same class?”
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