Fourier Transform (FT) in the Field of DIP

-

ICIS
%yJi| FTin the Field of DIP

l. The 1-D Discrete FT (DFT): Introduction
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I.1a. A Vector Space and Two Bases
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The 1-D DFT: Introduction
I.1b. A Vector Space and Two Bases

(W,+,) 1s a real vector space.
B SRlery c,(0)=1 c,(0)=0
cO = 3 cl =
0 1 ¢,(1)=0 c (D=1

¢=(c,, ¢, ) 1s the canonical basis.

i

Co
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l.1c. A Vector Space and Two Bases

- % (W, is areal vector space.

Cl 2 G K= 2 K0 =]
L K(): ’K1:
=l k(=1 k(=1

K=(K,, K,) is a basis.

The 1-D DFT: Introduction 6
I.2a. Change of Basis

W = any vector

coordinates —f0 1
o - [ 1(0) } L e g
(o]} J @) respecttoc !

- F(O) - g;\)%dé}tllflﬁes & w=F(0)K,+F(1)K,
i F (1) respect to K \~

R
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I.2b. Change of Basis

w = any vector

fe { 10 } L coordindles | N w=0)eo+fi iy
f

respect to ¢ \
o [ F(0) } coordinates Yz FO)K,+F(1)K,

= of w with
F) respect to K

Express f(x) in terms of F(u).
Express F(u) in terms of f(x).
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I.2c. Change of Basis

[f(O)}:[ZF(OHF(l)}_[ 2 1}[1:(0)}
f —FO)+FQ) | | -11]| FQ)
(EG ] T D 1}1[1‘(0)}:1[1—1}[1”(0)}
E@ L A bt 2 |

CFO)] [ £0)/3-Ff1)/3
| F(D) || £0)/3+2£(1)/3




The 1-D DFT: Introduction
I.2d. Change of Basis

r=ro » J+raf ]

[ £(0) } i [ 2F(0)+ F(1) }

f) | | -FO)+F@1)

F=f(0)[ ? }+f(l)[ ? }

FO) |_| fO)/3-71)/3
F(1) | | f(0)/3+2f(1)/3

The 1-D DFT: Introduction
I.2e. Change of Basis

K, K,
f:F(O)[_zl }LF(I)[ H

[ £(0) } i [ 2F(0)+ F(1) }

f) | | -FO)+F@1)

k0 kl
F=f(0)w§}+f(l)[_2}/33}
FQO) | | f(O)/3—-f(1)/3
FQ) |=| f0)/3+270)/3

10
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I.2f. Change of Basis

K, K,
r=F@)| 2 [+Fo| 1]

[ £(0) } . [ F(0)K,(0)+ F()K,(0) }
fO || FOK,M+FODK, D)

k, k,
F:f<0)[ iﬁ}fﬂ)[‘;ﬂ
[ F(0) } : [ f(0)k,(0)+ f(1)k,(0) }

F() | | fOk,D)+ f(Dk (D)
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I.2g. Change of Basis

f=F(0)K,+FK,

[ £(0) } . [ F(0)K,(0)+ F(DK,(0) }
f) || FOK,D+FDK, (1)

F = f(0)k, + f(Dk,

[ F(0) } - [ F(0)k,(0)+ f(1)k, (0) }
F() | | fOk D)+ fDk (D)



........
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I.2h. Change of Basis

P Hhak

[ £(0) } L [ F(0)K,(0)+ F(1)K,(0) }

fO | | FOK,D+FOK, 1)

F=) fx)k,

{ F(0) } - [ F(0)ky(0)+ f(1)k,(0) }
F() || fOk D)+ fDk D)
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I.3a. DIP Terminology

r original image

S they define the
/ z4u Fuls > inv}e]erse transformation kernel

=D Ba) K (1)

r transformed image

= they define the
a Zx A0 e for}vlvard transformation kernel

Fu)=), f(x) k@)
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I.3b. DIP Terminology

Canonical basis:

fo o [ (1) ]’ G [ (1) ] B f)?ilsl{)sntiﬁfallctions

canonical A0) Q + f(1) !
basis images *

original image f

—== The 1-D DFT: Introduction 16
(. 1.3c. DIP Terminology

Inverse transformation kernel:

K. — [ _21 } K = [ % } —> basis functions

B F(0) Q + F(1)
basis images <

original image f
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I.3d. DIP Terminology

Forward transformation kernel:

=3 6=

f0) I + f(D) 5

transformed image F

The 1-D DFT: Introduction 18
.4a. Generalization

f=2,Fu) K F=3 )k
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1.4b. Generalization

f=Z o Fw K, = 5 FoS ok = Q

(W,+.,) 1s a real vector space (dimension 2).

+|W > W
i o
W= B | RXW —> W
(o, B)eR?
The 1-D DFT: Introduction 20
.4c. Generalization
f=2"Fm) K, = Fod ok

(W,+,) 1s a real vector space (dimension M).

. +|W? > W
e 1
" i | RXW - W
Oy i
L =7 (0,0, ..., 01 )ER
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1.4d. Generalization

f=2""F) K, = Fop ok

(W,+,) 1s a complex vector space (dimension M).

e =

OC0
- +|W > W
- 1
W= ( JCxXW >W
O('M—l e
L =) (0g, 0 5., O gy )EC
The 1-D DFT: Introduction 22
l.4e. Generalization
=2 Mk F=3"fx)k,
il 2jrux/M
Example: K, (x)=-;€

M

l

Fourier basis functions



FT in the Field of DIP
Il. The 1-D DFT: Definitions and Properties

The 1-D DFT: Definitions and Properties
ll.1a. Definitions

M = positive integer
function = total function from 0.. M-1 into C.

24
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ll.1b. Definitions

- Foranyuand xin0.. M-1:

K (X) it 2]7L'ux/M

K is the i mverse Fourier transformation kernel.

k (u): €—2j7z'ux/M
X

k 1s the forward Fourier transformation kernel.

The 1-D DFT: Definitions and Properties 26
ll.1c. Definitions

Consider a function F'.

The function f = Z:J_:F (u)K

is the inverse Fourier transform of F.
It is denoted by F ~(F).

Consider a function f

The function F = Z f (x)k,

1s the (forward) Fourler transform of f.
- It is denoted by F(f).

JF is the Fourier transform.
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(> I.2a. Justification

SIS
SSevasve
T

Consider two functions f and F.

FNFP)=f
(ie.,if F = F{(f) then f = F\(F))

F(F NH) = F
= | (ie.,if f= F7Y(F) then F = F(f))

—==  The 1-D DFT: Definitions and Properties 28
(. 11.2b. Justification

i —l(j: (f))(x)
® i M 2 (2 f(2) e—2j7ruz/ M ) ezjm‘x IM

Mzz 0 f( )(ZM 1 2jmue— z)/M)

W A eZJﬂ(x—Z)/M

If z=x then ZMMZSIW” =M

M-1
If z#x then Zu:O W —




The 1-D DFT: Definitions and Properties 29
I1.3a. Basic Properties

1 1 ERE
Consider a function F: F 1(F Ji= H}-(F )
ol | r=FF)
(o] 1 ~M-1 :
f(x) g ﬁzuzo F(u)eZJﬂ'uX/M

* 1 M-1 _x* Dirtux/M
=) e 48

k 1 *
6 f 0 =37 FE))
1 5
fm )
QED
The 1-D DFT: Definitions and Properties 30

I.3b. Basic Properties

JFis linear:

for any functions f; and f,,
for any complex number c,

Flcf) = cF(f) and F(f+1,) = F(f)+F(L,).




SuSes

o crpBibREER
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I1.3c. Basic Properties

Let f be a function.

g
—2jmux/M
s Y fe
is periodic: VueZ, F(u+ M)= F(u)

Moreover, if f'is a real functlon
then Vu e Z, F (—u) = F (u)

The 1-D DFT: Definitions and Properties 32
I1.3d. Basic Properties

Let f be a function and let F be its FT.
Let u, be an integer.

The FT of x> ()™M s urs F(u— Up)

If M is even, -
the FTof x— (-1)"fix) is ur> Flu—M/2)
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FT in the Field of DIP
IIl. The 2-D DFT: Introduction

The 2-D DFT: Introduction
lll.1a. A Vector Space and Two Bases

o v
B o
(0. B.y.8)eC”

—> W
o Y a' vy a+o' y+v'
S
CxW ->WwW
k[ o Y ] H[ Ao Ay ]
T B & A3 A0

34
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lll.1b. A Vector Space and Two Bases

(W,+,.) i1s a complex vector space.

Co = o it
’ O O ’

010i|:0 O:|’c11i
’ 1 0 )

c=(¢y0»>Cy 15 Co» € )18 the canonical basis.

C0(0,0)=1 ¢,,(0,0)=0
s ©0.D)=0 ¢,0,D=1
C0(1LO)=0 ¢,,(1,0)=0
co(LD=0 ¢, ,(1LD=0

The 2-D DFT: Introduction

lll.1c. A Vector Space and Two Bases

(W,+..) is a complex vector space.

e .
Ko,():_1 1:I’KO,12|:
i :
Kl,oz_l O:|vK1,1:|:

K=(K,,, K, , K ,, K, ,)1s a basis.

K,,(0,0)=1 K,,(0,0)=1
K. OL-1 & (0nH=-1
K do)-1 kKii1.0=0
K, D=1 K, (1D=0

35

a1

00

00

o1

¢,,0,0=0 ¢, ,(0,0)=0

¢, ,0,)=0 ¢ ,(0,1)=0

¢ ,(1.0)=1 ¢ ,(1,0)=0

¢ (D=0 ¢ (D=1
36

1

0 0

1 0

0 1

K, ,(0.00=1 K,,0,0)=1

K, ,(0.)=0 K, ,(0.)=0

K, ,0)=1 K, ,1,0)=0

K, (,D=0 K, (11)=1
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lll.2a. Change of Basis

w = any vector

f= _ 70,0 fO.1 } . coordinates of w
i | f1,0) f(1,1) ~ with respect to ¢

F = [ F(0,0) F(0,1) | . coordinates of w
~| F(1,0) F(1,1) |~ with respect to K

Express f(x,y) in terms of F(u,v).
Express F(u,v) in terms of f(x,y).
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l1l.2b. Change of Basis

[ £(0,0)= F(0,0)+ F(0,1)+ F(1,0)+ F(1,1)
£(0,1)= F(0,0)+ F(0,1)

1 7(1,0)= F(0,0)+ F(1,0)

 f(L1)=F(0,0)+ F(1,1)

i F(0,0)=0.5(—-f(0,0)+ f(O,D)+ f(1,0)+ f(1,1))
| FO,1)=0.5(£(0,0)+ £(0,) - f(1,0) - f(1,1))
F(1,0)=0.5(f(0,0)- f(0,D+ f(1,0) - f(L.1))
| F(1,1)=0.5(/(0,0)- f(0,1) - f(1,0)+ f(1,1))
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l1l.2c. Change of Basis

£O0.07] 11 (1] F0,0)]
SO |_{1100 || FO,
1,00 |7 {1010 || F1,0)
1,1 1100 11| Fa,1
g gl (LD |
1nve£e of
FOO | {1 { (1] f0,0]

FO.) | 1| 1 1 —1-1]] fO.1)
F(1,0) 211 -1 1 -1 f(1,0)
CFay | LU -E-1 1A fay

The 2-D DFT: Introduction 40
l11.2d. Change of Basis
KO,O KO,I
f= F(0,0)“ H+F(O,1)[(1) (1)}
+F(1,0)H 8}+F(1,1)[(1) (”
KI,O Kl,l
k0,0 lc(),l &
i (O’O)hl//zz %%}“f O] 175 21/
csaof i3 o] 3 2
L ‘ _

1,0 k1,1
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b"—«t

=22 Fluy)

r original image
K s they define the inverse

u,v

X,y

(. ll.3a. DIP Terminology

transformation kernel

fey) =22, F(u,v) K, (x,y)

r transformed image
F=323 flxy)lk.,|>they define the forward

transformation kernel

Fu,y) =22 flx,y) k, (u,v)

———-{ }‘ The 2-D DFT: Introduction 42
»(; lIL.3b. DIP Terminology

. Canonical basis:

, canonical

canonical
basis images

£0,0) u +f(0,1)

J(L0)

] basis functions

]

original image



The 2-D DFT: Introduction
l11.3c. DIP Terminology

Inverse transformation kernel:
= I > basis functions

o Ko=[H] Kb 0]
| &, -[19] K, -[3]

F(0.0) + F(0,1)

F(1,0) E.+ F(.,1)
basis images «——

original image

The 2-D DFT: Introduction
l11.3d. DIP Terminology

Forward transformation kernel:

- I
C kio= |: %% :%% :|’ ki = |: —11//22 _11//22 :|

J(L0) E. + f(1.1) ;!

transformed image

+

At 70.,0) * +H0,1) w |

43
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lll.4a. Generalization and Examples

The 2-D DFT: Introduction 46
l11.4b. Generalization and Examples
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lll.4c. Generalization and Examples

4x4 canonical basis images:

The 2-D DFT: Introduction 48
l11.4d. Generalization and Examples

4x4 Walsh basis images:
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lll.4e. Generalization and Examples

2"x2" Walsh basis functions:
1 n—1
Ku v (x’y) =— (_1)[bi(X)bn_l_i(u)+bi(y)bn—l—i(v)]
a1

where b,(x) is the i bit in the
binary representation of x.

S

S

by(6) by(6)  by(6)

The 2-D DFT: Introduction 50
l11.4f. Generalization and Examples

4x4 Hadamard basis images:




% 00q ang iSRRG
4w

s, PR
.................
LR S

The 2-D DFT: Introduction
lll.4g. Generalization and Examples

2'x2" Hadamard basis functions:

K (v y)=
u (X, Y) = >

where b.(x) is the i bit in the
binary representation of x.

~
~
S

(6) . 1(6)  Dy(6)

The 2-D DFT: Introduction
l11.4h. Generalization and Examples

MxN Fourier basis functions:
L
R 7t (ux/ M +vy/N)
)= N
1 2ipuem 1 S2TyIN

M N

= K,/ @K ()

|
The kernel K is separable.

ke (1 )Z [6; ()b )by (3)b; (V)]

51
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plis) FT in the Field of DIP

IV. The 2-D DFT: Definitions and Properties

The 2-D DFT: Definitions and Properties
IV.1a. Definitions

M and N = positive integers

function = total function
from (0.. M—1) x (0.. N—1) into C.

54
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(> IV.1b. Definitions

S,
SSSH,
PRI Y

% For any u# and x in 0.. M—1,

. foranyvandyin0.. N-1:
ol e

K, ,(x,y) = MN € L

K is the inverse Fourier transformation kernel.

. 2imux/M +vy/
kx,y(u) y)= e T y/N)

k is the forward Fourier transformation kernel.

—== The 2-D DFT: Definitions and Properties 56
7 IV.1c. Definitions

324 Consider a function IZZ .
= The function f = Zu=o D> Funk,,
&y 18 the inverse Fourier transform of F.
’ It is denoted by F (F).

Consider a function f. .

: M-1 1
The function F = szo Zy: Je )k,
is the (forward) Fourier transform of f.

= | It is denoted by F(f).

JF is the Fourier transform.



The 2-D DFT: Definitions and Properties
IV.2. Justification

Consider two functions f and F.

FNFD) =]
(ie.,if F = F(f) then f = F I(F))

F(F (F))=F
(18, i f= El(F)then F = (1)

_ﬁa The 2-D DFT: Definitions and Properties
;fG IV.3a. Basic Properties

Consider a function F:

FNE) = 370 FE

57
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. IV.3b. Basic Properties

eSS
RO
.........

oo

JF1s linear:

= for any functions f; and f,
for any complex number c,

< Fef) = cF(fy) and F(f+1) = FD+F(f).

—==  The 2-D DFT: Definitions and Properties 60
. IV.3c. Basic Properties

Let f be a function.

N Fl7?C

Moliniv - | —2jm(ux/ M +vy/
). X e T

is M and N periodic:

S Y eZ?, B+ My)= Fauy+N) = Fu,v)

Moreover, if fis a real function then
Y(u,v) e Z?, F(—u,—v)=F (u,v)
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IV.3d. Basic Properties

Let f be a function and let F be its FT.
Let u, and v, be two integers.

The FT of (x,y) > flx, y)ed P X MAVoyIN) g
(u,v)= F(u—uy,v—vy)

If M and N are even,
the FT of (x,y) > D"V fix,y) is
(u,v)—> F(u—M/2,v— N/2)

The 2-D DFT: Definitions and Properties 62
IV.4a. Separability

-------------------

i 2-D transforms with
separable kernels can
be computed using
1-D transforms.

JE N N S
(LI B B B

(LI B B B

N I I B




The 2-D DFT: Definitions and Properties 63
IV.4b. Separability

E. 2L )
F(u,v)= ZxMZBI(Zf;J S,y ey () |k (w)
Jx)=y f(x,y) -
E -7 (i)

F(u,v)= Zfi;l F(v) k)]CVI Cir)ii s

v

4T

q

v

Fv)=x F(v)
F(.v)= FM(FEW)
F(u,v)=F(,v)(u) :

A

T

QED




Convolution Theorem
V.1la. Convolution

M and N = positive integers
f and g = total functions

from (0.. M—1) x (0.. N—1) into C
g =M and N periodic extension of g to Z?

frgl (0.. M=1) x (0.. N-1) > C
@y X S fman) g0 m.y =)

is the convolution of f with g.

Convolution Theorem
V.1lb. Convolution

Q>

65

66

v
v

v f v g v f*g

(fxg)(x,y) 1s a weighted sum of fg\ values
from some neighborhood of (x,y) in (/g\;
the weights are the f values

v



Convolution Theorem 67
V.1lc. Convolution

X
(0,0 1) | f0.2)
|
/ A A \ A
o | aly | a2 g(x—z,y-z)g(x—z,y-l)\i(x-z,y)
-+
= \
o\ | fe, f(2\2) 80-1.y-2)8(x-1,y-1)| £(x-1y)
gxy-2) | Bey-1)
x \X \X e
=={ } Convolution Theorem 68
-7+ V.1d. Convolution

TR
Py 'q.gﬁ';f%"‘}_{‘ %
i3 ¢ :g’:."'.

Convolution is used in DIP for:

* blurring an image

* detecting (horizontal, vertical, diagonal) edges
* sharpening

* embossing
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V.2. Theorem

------------------

(convolution / spatial domain)

=y filter / kernel / mask
& T |—>input image
F(fxg) = F(f)F(g)
Jrg = FUF(f)F(2)
T |, (frequency domain)
filter / kernel / mask
2 output / filtered
B image
o= ; Convolution Theorem 70
(. V.3a. Proof
e M1y e 22)
LS Ffep)uy) = Y, D (frg)x.y)e
- x=0 y=0
@ M-1N-1M—1N-1 —m(%ﬂ;)
Bl =D Y D D fmmiG-my-n)e
x=0 y=0 m=0 n=0
/ M-1N-1 M-1N-1 _2jn(%+%)
6328 = > D fmm) ), D EGx-my—n)e
orem  m=0n=0 . ,

|



ﬁ“"‘: Convolution Theorem 71
(. V.3b. Proof

! \
M-IN-1 —2]71'(qu \g)
Y Y a-my-ne

x=0 y=0

with X=x-m and Y=y-n

v | —2J7T(LX; K}) el ‘ZJ”(X; ‘13)
Lo -
x=0 y=0
—=4  Convolution Theorem 72

EJG V.3c. Proof

F(fxg)u,v)
M—-1N-1 = M—-1N-1 Sy i
= 2 D flnne ! ( j 2. 2. 8kye - (M N)
m=0 n=0 x=0 y=0
= F(Hu,v) Fg)u,v)

QED




FT in the Field of DIP
VI. Fast FT (FFT)

FFT
VI.1. FT Computation

M = positive integer
Jf= total function from 0.. M-1 into C

0. M-1-C

(/)

add(M) = number of (complex) additions
mul(M) =number of (complex) multiplications

74



FFT 75
VI.2. Brute-Force

F0.M-1—>C

is computed in O(M?) time: add(M) is O(M?)
mul(M) is O(M?)

FFT 76
VI1.3a. Successive-Doubling Method

Fi]:(f)

Fen) ZM lf(x)e—ZﬂTux/M Ex z f(X)W]L\}x

Assume M is even
M =2N

N-1 N-1
Fu=), _ feOWR +3,  f2x+hWy'Wsy
\
|
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VI1.3b. Successive-Doubling Method

A
: N-1 N-1 ‘
Fu)=), _ fROWY + 2 — fox+ DHWyWay

For u in 0.. N-1
N-1 N-1
Fu)= Y, _ fRoWy + ~— f2x+1)Wy'Wsy
N-1 N-1
Fu+N)=),  fROWy =~ f2x+1)WyiWsy

FFT 78
VI.3c. Successive-Doubling Method

F .;=Fx > f(2x+1))

For u in O0.. N-1
F(u) = Feven(u) o Fodd(u)WZ%V

F(u ik N) o Feven(u) i Fodd(u)WZL;V

add(2N) = 2 add(N) + 2N
mul(2N) =2 mul(N) + N



FFT 79
VI1.3d. Successive-Doubling Method

For any positive integer m
add(2™) =2 add(2™ 1) + 2"
mul(2™) = 2 mul(2m-1) + 2m-1

Moreover
add(2°) =0
mul(2°) =0

Therefore, for any M power of 2
add(M) = M log, M
mul(M) = 5 M log, M

FFT 80
VI1.4a. Corollaries

M = positive integer
f = total function from 0.. M—1 into C

F(f) can be computed in O(M log M) time
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VI1.4b. Corollaries

M = positive integer
F = total function from 0.. M-1 into C

F (F) can be computed in O(M log M)
time using a forward FFT algorithm

FFT 82
- Vl.4c. Corollaries

M and N = positive integers
f=total function from 0.. M—1 x 0.. N—1 into C

JF(f) can be computed in O(MN log MN)
time using a forward 1-D FFT algorithm



VI1.4d. Corollaries

M and N = positive integers
F = total function from 0.. M—1 x 0.. N—1 into C

B o _l(F ) can be computed in O(MN log MN)
time using a forward 1-D FFT algorithm

FT in the Field of DIP
VII. Interpretation

83
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Vil.1a. Fourier Series

% 00q ang iSRRG
4w

T =positive real number and ®=2n/T

1, = T-periodic total function from R into [0,+00),
differentiable and derivative continuous

|
|
|
|
|
|
|
|
>l
|

== [nterpretation 86
Vil.1b. Fourier Series

s, PR
.................
LR S

There exist two unique” series

(C)pira € [0,400)0F } amplitude spectrum
and (¢,)g .. €[0,2m)" " J phase spectrum
. such that:

DEF PRO

~ Vx e R’ fa(x) = 2 Cy COS(O)MX e (Pu)
u=0
1 J

[ ] ' [ ]
Fourier series









.VI'I-'flg. Fourler Serlef"'
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7(+ VIL2a. FT vs. Fourier Series

oy, Shese!
..............
LRSI .

M = positive even integer and K= M/2
f=total function from 0.. M-1 into C,

@ Viel.M-1, f(i)=fa(%i)

S e f(M-1)
=G @

——«-{ }" Interpretation 94
(5 VIL2b. FT vs. Fourier Series
Bare  f)=— . 2 Fu) 7™M where F=F(f)
u=0
|
= FORM Z X

K_1 group and arrange
% Z F(u) e2j7rux/M <
. ALy 2 fOEDH*
M
+ﬁ (K)("l) X=0
;J; 1 2Kl o 1 & 2jrUxiM "
%\ ) -|— 2 F(u)e M Z |:F(U)e :|
=\ Lt K+1 U=1

with U=2K—u
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Sy : :
(5 VIL2c. FT vs. Fourier Series

K-1
- =), C, cos (Qux+®d,)+ &)
u=0

02" g0 =72, D" fX)
M X=0

Vue0.K-1, ®,=arg(F(u))

1
{C(,:MIF(O)I )
Yuel.K-1, Cu:MIF(u)I

Interpretation 96
Vil.2d. FT vs. Fourier Series

K-1
- fo=), C, cos (Qux+®,)+ &)
u=0
M— +o00
+oo VY v v

=Y ¢, cos(@ux+g) 0



Interpretation 97
VIl.3a. Forcing Periodicity

........

Interpretation FT/FS holds only 1f image periodic.

circular
indexing

Interpretation 98
VII.3b. Forcing Periodicity

........

Interpretation FT/FS holds only 1f image periodic.

C mismatch
nn between
the sides

J

FTis
“biased”
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a“‘zéfG VIl.3c. Forcing Periodicity

S,
SSSH,
PRI Y

Interpretation FT/FS holds only if image perlodlc

reflected
indexing
—«= |nterpretation 100

G VIl.3d. Forcing Periodicity
Interpretation FT/FS holds only 1f image periodic.

windowing




Interpretation 101
VIl.3e. Forcing Periodicity

........

Compute F(wf) instead of F(f) with, e.g.,

i3 S(x, 0 and 5()6,)/)
: w(x,y) = I-—p— if 0, y)<K |distance
0 if 8(x,y)>Kk |between (x,y)
= and (K,K)
e . |
. G
il e @ | BARTLETT
W | WINDOW
|
I
I >
0 1mage M-1
—= Interpretation 102
(. VIL3f. Forcing Periodicity

Compute F(wf) instead of F(f) with, e.g.,

i3 o o(x y)) .
| ~—=cos| | 1 ——2 if o(x,y)<K
w(x,y)=< 2k |: ( K ( y)
- 0 if o(x,y)>K
La t 4
et o HANNING
WINDOW




u-—O

|F(1)|

f(x)_ iOO Z F (“) Zjﬂux/loo - 5{'
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. VIlLA4c. Shifting the Amplitude Spectrum

S
S
.........

o oSSR

M-1 M-1
1

f(x,y) -— Z Z F(u,v) ern’(ux+vy)/M
=3 M u=0 v=0
: V
Y| .

\ S — :,L> \ v
- frequency ’\g\--q_// B
| Increases v\

in that
direction " Q \ / Q
> | <————
vu
—=% Interpretation 106
_ VILAd. Shifting the Amplitude Spectrum
f(x,y) -— 2 2 F(u,v) eZﬂr(ux+vy)/M
f M u=0 v=0
Vv
] e
< — | — \/
< | f— r
B V
YU vyu

If we center the spectrum on (u,v)=(0,0)
then frequency increases as we move in
any direction away from that point.



Interpretation
Vil.4e. Shifting the Amplitude Spectrum
1 M—-1 M-1
f,y)= M— Z Z F(u,v) ezjﬂ(uxwy)/M
i \Y)
A =
[E(u,v)|=a b
) IF('M,'V)|:CI a .
>

[E(u,v)|=b -
—s |Fuvil—b [

vu v u

Moreover, the center of the shifted
spectrum 1s center of symmetry.

Interpretation
VIl.4f Shifting the Amplitude Spectrum

1 M-1 M-1 _
f(x,y)—— 2 Z F(u,v) eZﬂr(ux+vy)/M
M u=0 v=0
Vv
>

V<

vu v u

A
CONCLUSION: Display F(u-K,v-K),
ie., replace / by (x,)1— fx) (< 1)

107

108
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reconstructed
from |Fl and arg(G)

reconstructed
from IGl and arg(F)




