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Abstract

The relative position between two 2-D spatial regions is often represented quantitatively by a

force histogram. In the case of raster data, force histograms are usually computed in O(KNVN)

time, where N is the number of pixels in the image and K is the number of directions in which
forces are considered. When the regions are defined as fuzzy sets instead of crisp sets, the
complexity also depends on the number M of possible membership degrees. In this paper, we

show that the force histogram can be defined in a completely different but equivalent way, one

which leads to an O(NlogN) algorithm, with complexity independent of K and M. Moreover,

the equivalent definition is better adapted to the solving of theoretical issues. We use it here to

determine the behavior of the force histogram towards any invertible affine transformation.

Keywords: relative position; histogram of forces; spatial correlation; histogram of angles;

spatial relationships.

1. Introduction
Representations of spatial configurations between physical entities play an important role in

many applications, like geographic information systems [1], robot navigation [2] and content-


http://ees.elsevier.com/pr/viewRCResults.aspx?pdf=1&docID=3965&rev=2&fileID=256374&msid={A59F53EB-DBFC-4DBB-AB54-4ADBCD94DCFE}

based image retrieval [3]. For example, in order to reach its destination efficiently and safely, an
autonomous robot must capture knowledge about its spatial location (through its navigation
system); this is often done by generating representations of the relative positions between the
robot and landmarks in the environment [4]. Numerous approaches have been proposed to
quantitatively represent the relative position between two spatial regions. The angle histogram
[5][6] has had significant influence in the field. It is appealing for its simplicity, but suffers from
many weaknesses (e.g., excessively long processing times, anisotropy, inability to handle vector
data). In [7], Matsakis introduced a generic, more complex representation: the F-histogram.
There are different types of F-histograms [8]. Most work, however, has been done on a
particular type called force histogram. The force histogram generalizes and overcomes the
weaknesses of the angle histogram. It has been used in scene description [9], human-robot
communication [10], for classification problems [11], content-based retrieval [12], etc. See [13]
for a review of work on and applications of the force histogram.

The spatial regions considered here are fuzzy regions in a 2-D raster image. Fuzzy sets make
it possible to encapsulate photometric information, or information regarding the imprecision
or the uncertainty in the spatial extent of the regions. In [14], for example, the authors
manipulate the 3-D data contained within a LADAR (Laser Radar) range image and create a
2-D version of the scene as seen from above; the areas of uncertainty in the transformed view

are then filled in with fuzzy regions from which force histograms are computed. Processing

times are in O(N?) for angle histograms [5][6] and in O(KM>N~N) for force histograms

[13][15], where N is the number of pixels in the image, K is the number of directions in which
forces are considered, and M is the number of membership degrees in the fuzzy regions. In a

preliminary work [16], we expressed the idea that the complexity of force histogram



computation could be lowered and made independent of K and M if an intermediate

computation step was used. Histograms similar (but not identical) to force histograms could be

obtained in O(NlogN). In the present paper, we take the idea a leap further and bring it to

fruition. We show that the histogram of forces can be defined in a completely different but
equivalent way, with major theoretical and algorithmic implications. The equivalent definition
allows us to determine the behavior of the force histogram towards any invertible affine

transformation. This is an issue of prime importance—which was, until now, only partially

solved [17}—because it is related to the design of affine-invariant descriptors. We are also able

to introduce a general O(NlogN) algorithm for force histogram computation. This is another

important result. The traditional algorithm leads to excessively long processing times when
forces are computed in more than a few hundred directions, when the number of membership
degrees is not single digit, or when the regions are fractal-like regions. We can now state that
these weaknesses are overcome.

The force histogram is reviewed in Section 2. The new, equivalent definition of the
histogram is presented in Section 3. In Section 4, we examine the behavior of the histogram
towards affine transformations. In Section 5, the new algorithm for force histogram
computation is introduced. Experiments, in Section 6, validate the theoretical analysis and

demonstrate the efficiency of the algorithm. Conclusions and future work are given in Section 7.

2. Notation and background
The notation used throughout the paper is presented in Section 2.1. The traditional definition
of the force histogram is given in Section 2.2. The existing approximation algorithms for force

histogram computation in the case of raster data are described in Section 2.3.



2.1. Notation

Numbers, vectors, and points: ‘R is the set of real numbers and m..n is the set of all integers

between m and n inclusively. The nearest integer to xe®R is | x | The symbol P denotes the

Euclidean vector plane. The norm of the vector u € P is |tZ| and its direction is £ u €[0,2m).
For any 0€[0,27), the symbols 6 and 6+ denote the vectors such that £ 6=0 and (6,6") is a
positively oriented orthonormal basis. See Fig. 1. The dot product of # and v is u ev . The

symbol P denotes the Euclidean affine plane. The origin, ®, is the point of coordinates (0,0). If

p€?P is the point of coordinates (x,y) then | p | is the point of coordinates (| x ||y |). For any

0€[0,2m) and any ¢ R, the symbol Ag(¢) denotes the line {w + ¢ 0t +s0 }.em . Also note that
two points p and ¢ define a vector pq .

Crisp, fuzzy, and raster objects: An object is a nonempty fuzzy subset of . For any object 4
and any point p, the membership degree of p in 4 (i.e., the degree to which p belongs to A4) is
A(p)e[0,1]. It is assumed that the support of 4, i.e.,{ p €P | A(p) # 0 }, is bounded. 4 is a crisp
object iff (if and only if): VpeP, A(p) €{0,1}. Itis a raster object iff: VpeP, A(p)=A(|p]).
A pixel is a crisp raster object with area 1.

Affine transformations: Affine transformations are mappings from 2 to P that preserve

collinearity (all points lying on a line initially still lay on a line after transformation) and ratios
of distances (e.g., the midpoint of a line segment remains the midpoint after transformation).
Translations, reflections, rotations, dilations and stretches (Fig. 2) are examples of affine transfo-
rmations. Any affine transformation aff can be written as the composition of a translation tra

with a linear transformation /in (an affine transformation such that /in(®w)=w). In other words,



affip) = (tra o lin)(p) = tra(lin(p)), for any point p € P. It is a common convention to see tra

as a vector, /in as a 2x2 matrix, vectors as 2x1 matrices, etc. We can therefore write, e.g.,
aff(p)=lin(p)+tra and lin(w+u)=w+lin-u, where + denotes point-vector addition and - denotes
matrix multiplication. affis invertible iff /in is invertible, i.e., iff det(/in)=0, where det(/in) is the

determinant of (the matrix) /in. In that case, the object 4 is transformed by aff into aff[A], and

affTAl(p)=A(aff "\(p)). For example, tra[A](p)=A(p+(~tra)).
Fig. 1. Notation for numbers, vectors, and points.

Fig. 2. Examples of affine transformations. (a) Translation. (b) Orthogonal reflection about A4(0). (c) p-angle
rotation about . (d) Dilation with center ® and positive ratio L. (e) X-axis orthogonal stretch with positive ratio
k. In all cases, if o is the midpoint of p and ¢, and if p’, o' and ¢’ are the affine transformations of p, o and ¢, then
o' is the midpoint of p’ and ¢'.

2.2. Traditional definition of the histogram of forces

Consider two objects 4 and B. The points p and g are seen as particles that attract each

other: ¢ exerts on p an elementary force whose direction is £ pg and whose magnitude is

A()B(q)/ | pq|’, where r R is a constant (Fig. 3(a)). The histogram of forces F,AB is a rep-

resentation of the position of B relative to 4 (Fig. 3(b)). It is a function from [0,27) into R. The

value FrAB

(0) is defined as the sum of the magnitudes of all the elementary forces in direction 0.
When r=2, the force exerted by ¢ on p obeys Newton’s law of gravity: FzAB is called a

gravitational force histogram. As another example, F643 is a constant force histogram. Let us

give a formal definition. A histogram of forces is a function FrAB | [0,2) —> R defined by

F/50) = f: E(4,B,1,0)dr, (1)



where

F,(4,B,1,0) = A(p) B(@) 9 pg ) dp d 2
( ) L,E,\e(t)jqe%(t) (p) B(q) ¢(pg8)dpdg )
and

¢(k) =1/k" if the real number £ is positive and ¢,(k)=0 otherwise. (3)

In the case of raster data, the handling of fuzzy objects can be reduced to that of crisp
objects, using the general double sum scheme introduced in [18]. The approach is recom-
mended (since it leads to shorter processing times) when the number of possible membership
degrees is small. An alternative scheme is the single sum scheme [5]. Equation (2), however, is

then implicitly replaced with Eq. (4). See [7] (Chapter II, Section 6.1) and [15] for details.

Fi(4,3,1,0) = | min{4(p). B(q)} ¢ *8) dp dg (4)

Pefg(D) jq €Ay (1)

It can be shown that the constant force histogram F643 and the angle histogram are fundam-

entally equivalent. They are, nonetheless, different functions, computed in different ways, and

F(fm offers stronger theoretical guarantees. In the end, the histogram of forces generalizes and
supersedes the histogram of angles because of two unique characteristics: each object is seen as
a surface (not as a discrete cloud of points) and distance information is explicitly taken into
account (through 7). See [7] (Chapter I, Section 5) and [15].

Fig. 3. The histogram of forces. (@) Non-raster objects can be handled. The darker the area, the higher the
membership value. Notice the elementary force exerted by g on p. (b) Example.

2.3. Existing algorithms for force histogram computation

As far as we know, there exist three different algorithms for the computation of force

histograms in the case of raster data. Practically, only a finite number of histogram values can



be calculated. Only a finite number K of directions 0 are, therefore, considered. A reasonable

option is to pick a set of evenly distributed reference directions, such as {2mi/K};co k1. For a

given 0, the three algorithms approximate FVAB (0) (Eq. (1)) by a Riemann sum:

FA50)= j_+°° F (4, B,t,0)ds =~ (cosd) Zfz F.(4, B, kcos6,0). (5)
The value F,(4,B,kcos0,0) is the sum of the elementary forces in direction 0 exerted by the
points of BN Ag(kcos0) on those of AN Ag(kcos0). For the sake of simplicity, let us assume

that 4 and B are crisp, and that 0 belongs to [0,m/4]. The line Ag(kcos0) is rasterized into a set

of pixels using Bresenham’s algorithm [19]. See Fig. 4(a). Some of these pixels belong to A4,

and their projection along the Y-axis onto Ag(kcos0) defines pairwise disjoint segments /;.
Some pixels belong to B and their projection defines segments J;. We have 4N Ag(kcos0) =Ll

and BN Ag(kcos0)=UJ;. In other words,

Fr(4,B,kc0s0,0) ~ [ e, [,euy, 0(Pa00)dpdg=2,%, ,c; [,c) 0A(PG0)dpdg. (6)

Compare Eq. (6) with Eq. (2). Symbolic calculation of the double integral over /; and J; yields a
set of algebraic expressions that are hard-coded. This is the traditional algorithm [7][15]. In the

worst-case scenario, 4 and B are fractal-like objects: the number of segments /; and J; may then

be very high; the algorithm runs in O(KNVN) time, where N denotes the number of pixels in

the image. In the best-case scenario, 4 and B are convex objects: the total number of segments /;

and J; included in Ag(kcos0) is at most twoj; the algorithm runs in O(KN) time.

Now, let us cut Ag(kcos0) in two, as in Fig. 4(b). The left part yields segments /;; and Jy;,

and the right part yields I5; and J,;. When 7 is 0 (and only then), the force between L/; and UJ;



can be expressed in terms of the force between U/j; and WJj; and the force between UL, and

Uy The value Fo(4,B, kcos0,0) can therefore be calculated recursively. The approach leads

to an algorithm in O(K N) time for the computation of constant force histograms [20].

When Ag(kcos0) is cut in two, each half-line can be adjusted so that it runs through the

center of the leftmost and rightmost pixels (Fig. 4(c)). In that case, the rasterization of each half-
line may yield a different set of pixels (notice the darker pixel in Fig. 4(c); compare with Fig.

4(b)) and, therefore, different segments /y;, Jyj, »i, Jo;. This slightly different approach leads to

an algorithm in O(NlogN) time [20] which computes constant forces in 8VN-8 directions.

Fig. 4. Key principles of the existing algorithms for force histogram computation. Pixels marked “4” (resp. “B”;
“AB”; “X”) belong to 4 and not B (resp. B and not 4; 4 and B; neither 4 nor B). (a) Computing the histogram
value F,A B(G) comes down to computing the force between two unions of segments, such as /;Ul, and J;U.J.
(b) When r is 0, this force can be computed recursively. (¢) A variant.

3. An equivalent definition of the histogram of forces
Consider the function y** | P — R defined by
v = |, cp Al@+i)Bo+iat+v)di. (7)
It is a mathematical correlation that provides raw information about the relative position

between the objects 4 and B. We call it the spatial correlation between 4 and B. Using

coordinate notation, Eq. (7) becomes:
v 0= [ [ Ay Bl sy + 0 drdy. ®)
Now, consider the function 15;43 | [0,21t) — R defined by:

E%0)= [, 1w (kB) /K] dk. ©)



Or, using coordinate notation:

FA50) = j0+°° w8k cos0, ksin0)/ k" dk . (10)

We have RAB = FrAB , Where FFAB is the force histogram defined through Egs. (1-3).

The proof'is given in Appendix A.

4. Geometric properties

Many computer vision tasks require the design of robust descriptors: these descriptors should
not be sensitive to the position of the camera with respect to the photographed scene; they
should not be affected by variations in size, translation and rotation. We examine here the
behavior of the spatial correlation (Section 4.1) and of the force histogram (Section 4.2) towards
invertible affine transformations. This is an important step towards the design of affine-

invariant relative position descriptors [17].

4.1. Properties of y**
Consider two objects 4 and B and two translations #ra; and tra;. As shown in Appendix B:

y TS Gy = B (54 ey - ra). (o

In other words, the spatial correlation y "1 78] between trai[A] and rax[B] can be casily
deduced from the spatial correlation y*%. Note that when fra; = tra, = tra, Eq. (11) becomes
y ) =y (). (12)
Now, consider an invertible linear transformation /in. As shown in Appendix C:
W MAIE) 5y = \det(tin)| w? (lin” 7). (13)
Finally, consider an invertible affine transformation aff = tra o lin. We have

Waﬁ’[A] aff| B] ( v ) _ \Vtra[lin[A]]tra[lin[B]](‘7 ) ' (14)



Equations (12, 14) give

\VajﬂA] aff1B] (V)= Wlin[A] lin[B] () (15)

and Egs. (13, 15) give

W@ﬁ[A]Qﬁ[B]( 7)) = |det(lin)| WAB (lin_l V). (16)

4.2. Properties of RAB
The behavior of the histogram of forces FrAB towards the basic affine transformations shown
in Fig. 2 was examined in previous work: proofs of Properties 1-4 below are in [7] (Chapter I,

Appendix A) and proof of Property S is in [17] (Appendix C). The behavior of FFAB towards

any invertible affine transformation was not, however, determined. This is achieved here,

through Property 6. Its proof is given in Appendix D. Since 15;43 = FVAB (Section 3), all these

properties hold, of course, for both F,AB and I:“,AB . For any 6€[0,2m):

Property 1: F raldliralBl gy - pA5(g) (17)

Property 2: Eyo14191B)g) = F15 (0" (18)

where 0' belongs to [0,27) and is congruent to 20—6 modulo 27.

Property 3: ErotArotBl gy = g5 () (19)

where 0' belongs to [0,27) and is congruent to 6—p modulo 27.
Property 4: F 4ilA) dillB) () = )3 F15(g) (20)

Property 5: FSrALsmBl ) = 271+ (k2 - 1)cos?0]"7V2 EAB(01) (1)
where 0' belongs to [0,2) and is congruent to arctan(k 'tan®) if cos is positive;

to 0 if cos@ is zero; to arctan(k 'tanf)+r otherwise.

Property 6: F AT BY @)= |det(lin)| | lin -0 ™ FAE0") (22)



where 0'is Z(lin”'-0) and aff = tra o lin is any invertible affine transformation.

Note that Property 6 implies all other properties. As an example, Appendix E shows how

Property 5 can be derived from Property 6. The proof is far more elegant than the one in [17].

5. Case of raster data
Here, A and B correspond to regions in a digital image of size N=mxn. In other words: m and
n are positive integers; 4 and B are raster objects; for any point p such that A(p)#0 or B(p)#0,

the x- and y- coordinates of | p | belong to 0..m—1 and 0..n—1 respectively. As shown in Section

5.2 (and illustrated later in Section 6), the force histogram 15;43 can then be approximated in an
efficient and accurate way. First, Section 5.1 examines how to implement y*®. Note that some
of the elements in Section 5.1 can be found in a preliminary work [16], which introduced the
idea of the spatial correlation. In [16], however, y*® was defined directly in the discrete space
and could not, therefore, be properly linked to the histogram of forces. As a result, the
histograms actually considered (and approximated) in [16] are similar—but not identical—to

force histograms.

5.1. Implementing y*®
Consider Eq. (8). Practically, only a finite number of y**(s,7) values can be calculated. It is

easy to show that if s and 7 are integers, we have (since 4 and B are raster objects):

J«_+oo Jij(x,y)B(x +s,y+t)dxdy = Z;n:_ol Z;;(I)A(x,y) B(x+s,y+1). (23)

This double sum is 0 if s g—m+1..m—1 or t g—n+1..n—1 (Fig. 5). In other words,

v = Y D A ) B+ 5,y ) (24)



and (about) 4N pairs (s,f) of integers are of interest. When 4 and B are crisp, y*%(s,7) simply

counts the number of pairs (p,q) where p and ¢ are points with integer coordinates such that

A(p)=1, B(q)=1, and pq= (s.0).

Fig. 5. Spatial correlation y*? in the case of raster data. (@) Two (crisp) objects A and B in an mxn image.
(b) The nonzero y* values are all in a (2m—1)x(2n—1) domain. The brighter the area, the higher the value.

Equation (24) calculates each y*%(s,) in O(N) time, i.e., it calculates y** in O(4N ?) time.

There is, however, a much faster way. Let A’ be the reflection of 4 about the origin and let B’ be
the translation of B by the vector (-m+1,-n+1). For any real numbers x and y, we have
A'(xy) =A(—x,~) and B'(x,y) =B(x+m—I,y+n—I). See Fig. 6. Consider the matrix [y**] with
2m—I columns and 2n—/ rows defined as follows: for any i in 1..2m—1 and any j in 1..2n—1, the
element [y*?] i at the i-th column (counting from left to right) and j-th row (from bottom to top)
48 ;

is y*” (i-m,j—n). The matrices [4'] and [B'] are defined in the same way. Now, let us make the

change of variables x'=-x and y'=-y in Eq. (24). We get:

WAB(S, )= zg,:_mﬂ zg':—nﬂ A'(x",yYB(s—x',t—y"). (25)

Equation (25) corresponds to a 2-D discrete convolution. Using matrix notation:
w1=[41®[B1], (26)
where ® denotes the convolution operator. As we all know, the Fourier transform has the ability
to convert a convolution into an ordinary product, and vice versa. According to the convolution

theorem, Eq. (26) can be transformed into

1= Wy [(Waey - [AT- W) X (Way_y - [B'1-Wap Dl - Wy (27)



where W), and Wk_l are the Fourier and inverse Fourier transform matrices of order &, and
where x is the array product (given two matrices M, and M, of the same size, [M;xM:];=
[M:];; [M>];; for any i and ;). According to Eq. (27), the computation of [y*#] requires three 2-D

discrete Fourier transforms. y*# can therefore be calculated in O(NlogN) time—since this is

the complexity of Fast Fourier Transform algorithms.

Fig. 6. Computation of yw*2. (a) 4’ is the reflection of 4 about the origin. B’ is the translation of B by the vector
(=m+1,—n+1). (b) The matrix [A4'] defined from A'. (¢) The matrix [B'] defined from B'. (d) The matrix [y**],
which defines y*, can be deduced from [4'] and [B'].

The behavior of y* towards translations leads to further optimization. Consider a vector v
and a translation #ra. If v and the translation vector have integer coordinates then
y "By =y B (5 + tra) . (28)
Equation (28) comes from Eq. (11): replace tra; with tra and tra, with the translation whose
vector is the null vector. Let us permute the two members of the equality, and let us make the
change of variable i =v +#ra. We get:

ralA1B i tra). (29)

v (i) =y
Now, let us choose tra so that the minimum bounding rectangle of tra[4] and B is as small as

tra[A]B ca

possible. This rectangle defines a host image of size N'=m'x n'. See Fig. 7. Since y n

be computed in O(N’logN”) time using the FFT, and since y*® can be derived from y” alA]B

in O(N) time according to Eq. (29), w*# can be computed in O(N’logN’ +N) time—which can

be noticeably less than O(NlogN) if N’ is small compared to N.



Fig. 7. Optimization of the algorithm for the computation of y*%. (a) 4 and B are objects in an mxn image.
A" =tra[A] and B are objects in a smaller m'xn'image. (b) y*** can be deduced from y*%.

5.2. Implementing I:“,AB
Here again, only a finite number of 15;43 (0) values can be calculated. Only a finite number

K of directions 0 are therefore considered. A reasonable option, as mentioned in Section 2.3,

is to pick a set of evenly distributed reference directions such as {2mi/K}ico x-1. Assume
0<[0,n/4)U[Tr/4,21). Let s =kcosO, ie., k=s/cos0. We then have 1/k'=(cos0)/s" and

dk = ds/cosO. Equation (10) becomes:
£4%(0) = (cos0) ! ;w[WAB(s, stan@)/s"]ds . (30)

I:“FAB (0) is approximated as follows:

FA%0)~ (cos0) ! TZI)I\VAB (s,|stan0]) £(s), (31)

where £,(s) is chosen based upon the interpretation of 1/s” in the context of Eq. (30). Consider
two points p and g in P such that pg is the vector of coordinates (s, s tanf). Let p’ and ¢’ be the
projections of p and ¢g on the X-axis. In Eq. (30), the value s represents the distance between p’
and ¢', and 1/s" measures the magnitude of the elementary force exerted by ¢’ on p'. This force
tends to pull p’ in direction 0. See Fig. 8(a). In Eq. (31), however, p and ¢ are such that pq is
the vector of coordinates (s, | s tan6 | ). The point p is actually the representative of a whole set

of points, i.e., the pixel it belongs to. The same applies to g. These pixels project on the X-axis
as unit line segments, / and J. See Fig. 8(b). It is therefore natural to define f,(s) as the sum of

the elementary forces exerted in direction 0 by all points of J on those of /, i.e.,



1l
#s)= ] [ ore—y+s)drdy, (32)

where ¢, is defined as in Eq. (3). This double integral can be calculated analytically. Its

algebraic expression depends on s and r, as shown in Table 1.

Fig. 8. About the function f.. Case 0[0,nm/4)uU[7n/4,2®). In (a), s is a nonnegative real number and p_é is the
vector of coordinates (s,stan0). The value 1/s” is the magnitude of the force exerted by ¢’ on p’. In (b), s is a
nonnegative integer and ]7(} is the vector of coordinates (s, | stan6 | ). The value f,(s) is the magnitude of the
force exerted by J on /.

Table 1. Algebraic expressions for the double integral in Eq. (32), where In denotes the Neperian logarithm.

Equation (31) only holds when 0€[0,n/4)u[7n/4,21t). Other values of 0 yield other

equations. When 0€[3n/4,51/4),

FA20) ~ (—cos0) ™ Y Ty B (=5, s tanB ) £i(s) ; (33)
when 0e[n/4,3m/4),
FA%0)~ (sind) ™ D" w8 (|5 cotB ], 5) £i(s) ; (34)
and when 0€[5n/4,7m/4),
E%0)= (-sind) ™ 3w (-Ls cotB ], -s) £(s) (35)

Equations (31, 33-35) represent a new way of computing force histograms in the case of 2-D

raster data. The histograms are computed in O(N logN +K\N) time: the equations above require
O(KN) by themselves, while the spatial correlation y*? requires O(NlogN) (see Section 5.1).

Let us take a closer look at K. Assume the image is of size N=nxn. Consider two raster lines

as depicted in Fig. 9(ab). Starting from the boundary pixel p; (in the leftmost column), they run



in slightly different directions 0; and 0,, with 0,€[0,n/4] and 0,€[0,n/4]. The two lines
correspond to different sets of pixels, but both join p; and p, (in the rightmost column). We
hypothesize that the difference between the computed values for 15;13 (6)) and I:“,AB (0,) is
negligible, below significance considering the image resolution. In other words, no more than n
directions are worth considering in [0,m/4] (see Fig. 9(c)), and no more than 8#—8 directions in
[0,27). This shows that there is no interest in choosing for K a value greater than 8VN-8.

In conclusion, the algorithm presented in this section actually runs in O(N logN +VN VN ),

ie., in O(NlogN). Computational times are basically independent of r (the type of force

histograms), K (the number of directions in which forces are computed), and M (the number of
possible membership degrees). All objects—whether they are convex or concave, of simple or
complex shapes, defined as crisp or fuzzy sets—are handled in an equal manner. The

experiments in Section 6 validate this analysis.

Fig. 9. Directions 0 in an nxn image. The gray pixels represent (a) the raster line in direction 6, originating from
p1, and (b) the raster line in direction 0, originating from p;. Since both lines join p; to p,, there is no reason to
distinguish 0, from 0,. Therefore, (c), no more than » directions are worth considering in the range [0,7/4].

6. Comparative experimental study

In this section, EAB denotes a force histogram computed using the new algorithm (Section

5); FVAB denotes a histogram computed using the traditional algorithm (briefly described in
Section 2.3); F*2 and F* are constant force histograms computed in O(KN) and O(NlogN)

time respectively (see Section 2.3 as well). For a given K, the 6=2ni/K values with i in 0..K—1

are the directions in which forces are considered.



The four algorithms are dedicated to the handling of 2-D data in raster form. All are
approximation algorithms. For example, the traditional algorithm is based on the approxima-

tions expressed by Egs. (5, 6), while the new algorithm is based on the approximations
expressed by Egs. (31, 33-35). We can expect, therefore, to have 1:";48 ~ FrAB instead of

1:“;43 = FFAB . We can also expect F** zF(fIB . The exception is F*4% = F(fB , since the two algo-

rithms only differ in that one uses recursion and the other does not (Section 2.3). In the case of

vector data, however, there exists an exact algorithm: its time complexity (for crisp objects) is

O(Knlogn), where n is the total number of object vertices [7][10][15]. It is therefore possible

to evaluate the accuracy of each histogram RAB , FrAB , F*8 and ¥48 . This is achieved in
Section 6.2. Processing times are compared in Section 6.3. The test data are presented first, in

Section 6.1. Note that the memory complexity of the four approximation algorithms is O(N).

The algorithms were implemented in C and run on a machine equipped with Intel Pentium D

CPU 3.0 GHz, 1GB memory, and Windows Vista.

6.1. Test data

The test data include 4 pairs of crisp objects. Each pair consists of two identical objects: the
quadratic Koch island fractal at iteration 0 (Fig. 10(a)), 1 (Fig. 10(b)) and 3 (Fig. 10(cd)). Any
line that runs through 4 and B in Fig. 10(a) intersects them in one segment each. As explained

AB
Fr

in Section 2.3, this is the best-case scenario for in terms of processing time. Even more so

that many directions 0; satisty FFAB(O,-)=O; these directions can be predetermined in order to

speed up computation. On the other hand, a line that runs through 4 and B in Fig. 10(c)

intersects them in a large number of segments. This is due to the fractal structures of the objects



(and would be less apparent with, say, the more famous Koch snowflake). Processing times for

FVAB can be expected to be much higher. The worst-case scenario is represented by Fig. 10(d):

since 4 and B overlap, lines that run through 4 and B can be found in every direction 6; (i.e.,
FrAB (0,) 1s never 0). In the end, the variety offered by the four pairs of objects allows us to fairly
compare the computational efficiency of the different algorithms.

Each pair of objects in Fig. 10 was also used to generate several pairs of fuzzy objects. For a
given M, the pixels in 4 were assigned different membership degrees, randomly selected from
{i/M} ;c1.m. The object B was fuzzified in the same way.

Fig. 10. Test data. The crisp objects used in the experiments are quadratic Koch islands generated after (a) 0, (b)
1, and (c¢)(d) 3 iterations. In (d), the two objects overlap (black area).

6.2. Results on accuracy

The handling of fuzzy objects basically comes down to the handling of their a-cuts, which
are crisp objects [7][15]. The accuracy of the force histogram approximations does not depend,
therefore, on whether the objects are crisp or fuzzy. This was confirmed experimentally (results
not shown here). In this section, we use the (crisp) squares of Fig. 10(a) to illustrate the fact that
the new algorithm is more accurate than its competitors. The two squares, 4 and B, can be easily

encoded in vector form. As mentioned in the introductory paragraphs of Section 6, this makes it

possible to calculate the exact force histogram—which can then be compared with 15;43 , FVAB ,

F8 and F42 . The dissimilarity between one of these four histograms, 4, and the exact

histogram, 4., is measured by the difference ratio



K—1 \
h(0.)—h (0.
%OI (0,)— 1 (0))| to0es »
> max {h(0,),h(0,)}

DR(h) = {

DR(h)=0% iff h=h., and DR(h)=100% iff i and k. are orthogonal in the vector space R*. The
lower DR(h), the higher the accuracy of the approximation /. Note that DR is defined based on
the grid norm (I1-norm). Other norms, like the Euclidean norm (2-norm), could be used.

Besides, there are other bin-by-bin or cross-bin measurements suitable for the task as well [21].

Figure 11 summarizes the most interesting results of our experiments. F 18 does not appear
in this figure for the simple reason that F18 =F6IB (as explained in the introductory paragraphs

of Section 6) and hence DR( F18 )=DR( Fg‘B ). The parameter K does not appear either because it

has no noticeable impact on the measurement of accuracy; all the diagrams look the same

whether K is a three- or a four-digit number. The accuracy of all histograms increases with N.

It drops, however, as r increases past 2. The most accurate approximation is 1:";43 : we have
DR( 15;43 )<0.1% when <2 and N>256°. The accuracy of F,AB is not as high, but comparable:
: . . ~AB AB nAB

in our experiments, we have consistently found that DR(F"" )<DR(F” )<3xDR(F"). The

least accurate approximation is F4Z, since 18xDR( I%AB )<DR(F*2)<128xDR( l:",AB ).

Fig. 11. Histogram accuracy. 4 and B are the objects from Fig. 10(a). In (c), N=256".

6.3. Results on efficiency
Experiments (not shown here) confirm that » has no impact on the processing time of 15;43 .

This is not exactly the case for FrAB , as FIAB and FZAB are processed noticeably faster (Fig. 12).

The main reason is that the computation of each F,AB (0,) translates into the assessment of a



number of algebraic expressions (Section 2.3) which are computationally simpler when »=1 or
r=2. These two values naturally appear when determining the expressions through integral

calculus (as they appear in Table 1). See [7] for details. In the following, only constant and

gravitational force histograms are considered: »=0 represents the worst-case scenario for F,AB ,

while =2 represents the best-case scenario.

Fig. 12. Processing time (T) of FrAB with respect to the type of forces (7).
The objects 4 and B are from Fig. 10(c), N:2562, K=360, and the increment for » is 0.5.

K has almost no influence on the computational efficiencies of 15;43 and F% | and 15643
computes much faster than F48 (Figs. 13(b)-14(b)). On the other hand, the processing times of

FVAB and F18 depend linearly on K. When K is set to 8YN-8 (the maximum number of

directions that are worth considering, as shown in Section 5.2), 15;43 outperforms FrAB and F8

FAB F4B compute faster than F2 (Fig. 14).

(Fig. 13). When K is small enough, however, and

The shape of the objects 4 and B has no influence on the computational efficiencies of 15;43 ,

F42 and F2, but it does have (as mentioned in Section 2.3) a significant influence on FFAB

(see the gray areas in Figs. 13(ac)-14(ac)). The phenomenon, however, is less pronounced for

FZAB than for FéqB , for the same reason that FZAB computes noticeably faster than other FVAB

histograms (as explained above).
Similarly, the relative position of the objects has no influence on the computational
s

efficiencies of and F*#, but it does have an influence on E/Z. In particular, Fj'® displays



a huge efficiency decrement when 4 and B overlap (upper boundary of the gray areas in Figs.

13(a)-14(a)). The efficiency of F48 decreases as well (Figs. 13(b)-14(b)), for the same reason.

4B , F and % with respect to the image size (N), when K=8VN-8.

In each diagram, the objects 4 and B are from Fig. 10(a-d). The processing times of FVA B and F1B depend on

Fig. 13. Processing times (T) of l:“rAB , F

r

the shape and/or the relative position of the objects—hence the gray areas. The lower boundary of each gray area
corresponds to the best-case scenario, i.e., 4 and B are from Fig.10(a). The upper boundary corresponds to the
worst-case scenario, i.e., A and B are from Fig. 10(d).

Fig. 14. Processing times (T) of 1:“,,AB , p8 , F*% and F*8 with respect to the image size (), when K=360.

/%

Experiments confirm that the number M of membership degrees has no influence on the
computational efficiencies of RAB (Fig. 15), F12 and F*® (results not shown here). On the
other hand (Fig. 15 and Section 2.2), the complexity of FrAB depends on M either quadratically
(when using the double sum scheme) or linearly (when using the single sum scheme).

Consequently, EAB outperforms FrAB even for small values of M.

Table 2 summarizes the dependence of the processing times on the various parameters.

Fig. 15. Processing times (T) of 1:“,,AB and F,,AB with respect to the number of possible membership degrees (M).
In each diagram, the objects 4 and B are from Fig. 10(c), N=256°, and K=360. The symbols ¥ and 2¥ indicate
the simple and double sum schemes (see Section 2.2).

Table 2. The processing time of a histogram like FrA B , F 4B R FAB or IEFA B may (YES) or may not (NO) depend

significantly on N, K, M, r, and on the shape and relative position of the objects 4 and B. Dependence can be,
e.g., linear (K) or quadratic (M?).

To conclude this section, let us highlight an important feature of the new algorithm. Consider

Fig. 14(a). The curve for 15648 would look exactly the same if K was, say, 1440 instead of 360

(on the other hand, the curves for F(j‘lB would go 4 times higher). This is because most of the



processing time is actually spent on y*?. As a result, the following tasks are performed in

practically the same amount of time: computing 15;43 with K=360 values; computing 15;43 with
K=1440; computing 15;14 B 13;3 B 15;34 B and 15;;1 B with 360 values each; computing ﬁrtral[A]traz[B] ,

l’irtm3 [A]tra,[B] , f;rtras [A]trag[B] l’irtra7 [A]trag[B] tra,[A4] tra; [B]

and with 360 values each (since can be

easily derived from y*? using Eq. (11)). In other words, the new algorithm is particularly
suitable not only when forces must be considered in a large number of directions, but also when
different force histograms must be calculated for the same two objects (as in [9]), or when the

force histogram of two moving objects must be calculated at different times.

7. Conclusion

The traditional algorithm for force histogram computation in the case of 2-D raster data runs

in O(KM*NVN) time, where K is the number of directions in which forces are considered, M is

the number of possible membership degrees, and N is the number of pixels in the image. An

alternative algorithm runs in O(KMNVN) time. Moreover, two algorithms dedicated to constant
force histogram computation can be found in the literature: one is in O(KN), and the other in

O(NlogN). In this paper, we have described an algorithm that runs in O(NlogN), regardless of

the type of force. A comparative study has shown the following. For the computation of a

histogram of constant forces when only a relatively small number K of histogram values are

needed: the dedicated algorithm in O(KN) is the most efficient if the objects are fuzzy (M>1),

or crisp (M=1) with complex shapes; the traditional algorithm has the best performance if the

objects are crisp with simple shapes. For the computation of a histogram of non-constant



forces when only a relatively small number of histogram values are needed: the traditional
algorithm is the most efficient if the objects are crisp with simple shapes. In all other cases,
the new algorithm outperforms its competitors. It is also particularly suitable when different
force histograms must be calculated for the same two objects, or when the force histogram of
two moving objects must be calculated at different times. The algorithm derives from an
equivalent definition of the force histogram that involves a mathematical correlation over the 2-
D vector space. This correlation provides raw information about the relative position between
the objects and can be efficiently computed using the Fast Fourier Transform. We have shown,
moreover, that the equivalent definition is better adapted to the solving of theoretical issues. We
have used it here to determine the behavior of the force histogram towards any invertible affine
transformation. In the future, it should help us solve other issues, such as the inverse problem
[6], object localization [22] and histogram composition [23]. We will also show that it can be
extended to 3-D raster data, like the standard definition [24], and we will examine the case of

vector data.

Acknowledgements
The authors want to express their gratitude for support from the Natural Science and
Engineering Research Council of Canada (NSERC), grant 262117. They also thank the

anonymous reviewers for their constructive comments.

References

[11  H.J. Miller, E.A. Wentz, Representation and spatial analysis in geographic information systems, Annals of
the Association of American Geographers. 93(3) (2003) 574-594.
[2]  J.D.R. Millan, Robot navigation, in: M.A. Arbib (Ed.), Handbook of Brain Theory and Neural Networks,

Second Ed., Cambridge, MA: MIT Press, 2002.



(3]

(4]

(3]

(6]

(7]

(8]

(9]

[10]

(1]

[12]

[13]

[14]

[15]

A.W.M. Smeulders, M. Worring, S. Santini, A. Gupta, R. Jain, Content-based image retrieval at the end of
the early years, IEEE Transactions on Pattern Analysis and Machine Intelligence. 22(12) (2000) 1349-1380.
G. Chronis, M. Skubic, Robot navigation using qualitative landmark states from sketched route maps,
Proceedings of IEEE International Conference on Robotics and Automation. 2 (2004) 1530-1535.

R. Krishnapuram, J.M. Keller, Y. Ma, Quantitative analysis of properties and spatial relations of fuzzy
image regions, IEEE Transactions on Fuzzy Systems. 1(3) (1993) 222-233.

K. Miyajima, A. Ralescu, Spatial organization in 2-D segmented images: representation and recognition of
primitive spatial relations, Fuzzy Sets and Systems. 65(2-3) (1994) 225-236.

P. Matsakis, Relations spatiales structurelles et interprétation d’images, PhD Thesis, Institut de Recherche en
Informatique de Toulouse, France, 1998.

P. Matsakis, D. Nikitenko, Combined extraction of directional and topological relationship information from
2-D concave objects, in: M. Cobb, F. Petry, V. Robinson (Eds.), Fuzzy Modeling with Spatial Information
for Geographic Problems, Springer-Verlag Publications, 2005, pp. 15-40.

P. Matsakis, J. Keller, L. Wendling, J. Marjamaa, O. Sjahputera, Linguistic description of relative positions
in images, IEEE Transactions on Systems, Man and Cybernetics. 31(4) (2001) 573-588.

M. Skubic, P. Matsakis, G. Chronis, J. Keller, Generating multi-level linguistic spatial descriptions from
range sensor readings using the histogram of forces, Autonomous Robots. 14(1) (2003) 51-69.

L. Wendling, S. Tabbone, P. Matsakis, Fast and robust recognition of orbit and sinus drawings using
histograms of forces, Pattern Recognition Letters. 23(14) (2002) 1687-1693.

S. Tabbone, L. Wendling, Color and grey level object retrieval using a 3D representation of force histogram,
Image and Vision Computing. 21(6) (2003) 483-495.

P. Matsakis, Understanding the spatial organization of image regions by means of force histograms: a
guided tour, in: P. Matsakis, L. Sztandera (Eds.), Applying Soft Computing in Defining Spatial Relations,
Springer-Verlag Publications, 2002, pp. 99-122.

J. Marjamaa, O. Sjahputera, J. Keller, P. Matsakis, Fuzzy scene matching in LADAR imagery, IEEE
International Conference on Fuzzy Systems. 2 (2001) 692-695.

P. Matsakis, L. Wendling, A new way to represent the relative position of areal objects, IEEE Transactions

on Pattern Analysis and Machine Intelligence. 21(7) (1999) 634-643.



[16]

[17]

(18]

[19]

[20]

(21]

[22]

(23]

[24]

J. Ni, P. Matsakis, Force histograms computed in O(NlogN), Proceedings of the 19" International
Conference on Pattern Recognition. (2008) 1-4.

P. Matsakis, J. Keller, O. Sjahputera, J. Marjamaa, The use of force histograms for affine-invariant relative
position description, IEEE Transactions on Pattern Analysis and Machine Intelligence. 26(1) (2004) 1-18.

D. Dubois, M.C. Jaulent, A general approach to parameter evaluation in fuzzy digital pictures, Pattern
Recognition Letters. 6(4) (1987) 251-259.

J.E. Bresenham, Algorithm for computer control of a digital plotter, IBM Systems Journal. 4(1) (1965)
25-30.

Y. Wang, F. Makedon, R.L. Drysdale, Fast algorithms to compute the force histogram, unpublished (2004).
J. Puzicha, J.M. Buhmann, Y. Rubner, C. Tomasi, Empirical evaluation of dissimilarity measures for color
and texture, Proceedings of the 7™ IEEE International Conference on Computer Vision. 2 (1999) 1165-1172.
P. Matsakis, J. Ni, X. Wang, Object localization based on directional information: case of 2-D raster data,
Proceedings of the 18" International Conference on Pattern Recognition. 2 (2006) 142-146.

J. Malki, L. Mascarilla, E.H. Zahzah, P. Boursier, Directional relations composition by orientation histogram
fusion, Proceedings of the 15" International Conference on Pattern Recognition. 3 (2000) 758-761.

J. Ni, P. Matsakis, L. Wawrzyniak, Quantitative representation of the relative position between 3D Objects,
Proceedings of the 4™ JASTED International Conference on Visualization, Imaging, and Image Processing.

(2004) 452-289.

Appendix A. Proof of F/' = 48

Equations (3, 9) give:

E%O)=] 1w (kB) 0,(k) T dk

Combine it with Eq. (7):

ﬁ;“B(e):f:[jﬁ 5 A(o+i) Bo+i+k0)di] o.k) dk

(6,61) is an orthonormal basis of P. Therefore, for each vector u, there exist values s e R

and reR such that # =70 +s0. The above equation becomes:



ERO)=[T([ 7] A48 +58) Bo+8+(s+0D) ok) dk ds ) d
The points p=co+téL+s§ and q=co+téL+(s+k)§ belong to Ag(?).

Since pg=k6 we have pge0= k. Therefore—and according to Egs. (2, 1):

R ONNIN A(p) Bg) 0(pg+0) dp dg ] dr

eAg(1) I q€hg(D)

= E:Fr(A,B,t, 0)dr = F/50)

Appendix B. Proof of Eq. (11)

From Eq. (7), we have:
y B Gy = [ 5 rad)(e i) traBl(e +i+7) di
Since tra|[A](p)=A(p+(—tra;)) and tra|Bl(p)=B(p+(—tray)):
\vtml[A] tray 8] (v)= ,[ﬁ P Ao +i—tra)) B(o +i+v —trap) du
= Iﬁ P A(w +u—tra)) B(o +u—tra, +v + tra; — tra;) du
Let u'= ti—tra; . We have du'=du and—according to Eq. (7):

\Vtml[A]tmz[B](T))=Ia, cp Al+i")Blo+u'+ (V+ira —trap)) dii"' = v B (V+ tra) - tray)

Appendix C. Proof of Eq. (13)

From Eq. (7): y MAIE Gy = [ % lin[A)( +ii) lin[B)(e +ii+7 ) dii
However: lin[Al(w +i )= A(lin (o +i))=A(o + lin" i)

Similarly: lin[Bl(w+i+v)=B(w~+lin" - (i+v))=B(w+lin" i+ lin""-7)
Therefore: y MAIE Gy = [ 5 Ao+ lin i) Blo+ lin i+ lin -7) dii

Let & '=1lin '+ii. We then have ii=lin-ii' and, according to linear algebra,



du=d(lin-u") = |det(/in)| du'. The above equation becomes:
y AN Gy = |det(tin)| [, o5 Ao +i") Blo '+ lin!+v) dii
which, according to Eq. (7), can be rewritten:

y AL (5 = det(in) P it )

Appendix D. Proof of Eq. (22)

According to Eq. (9): F A1 1B) g = jom[ y PADB 16y k" dk
Combine it with Eq. (15):  F&/M14018]g)= jo“”[  AVRBY 46y ) kT dke

and now with Eq. (13); BB Q) = \det(lin)| j0+°°[ w Bk (in8)) /K] dk
Let0'=Z(lin'-0),i.e., 6'=(lin'-0)/|lin"-6|. The above equation can be rewritten as:
BT 0) = det(lim)| [Ty (k1”81 87)/ K] dk
Now, lett=k|lin"-8|. Wehave k=|lin"-6| "¢ and dk=|lin"'-8| " dr. Therefore:
A B) 0y = |det(lin)| |lin' 6] j0+°°[ w10 /¢ dt
which can be rewritten (according to Eq. (9)):

A8 gy = |det(lin)| |lin”'-6] " EA5@")

Appendix E. Proof of Property 5

i 7| 1 O | g1 1 O N
In this case, aff= lin=str [ 0 & }, lin [ 01 /k} and det(/in) = k. Moreover,

in0 in0

we have éz[ 2959 } lin”"-0 = Ff’se} and |lin”'-0|=k"[1+(K -1) cos’0]"”.
k

Property 6 then yields:

FrS[I’[A] str[B] (e) — k2—r[1 + (kZ _ 1)0082 e] r-1)/2 FfB(e v)



cos0

sinf
k
if cos is positive; to 0 if cos® is zero; to arctan(k 'tan®)+n otherwise.

with 0'=Z(lin”"-0) = 4{ :l, i.e., 0'belongs to [0,2) and is congruent to arctan(k 'tan®)



Table 1

f-(s) s=0 s=1 s>1

r<l V[(1-1)2-1)] | @7 =2)[(1-)(2—r)] | [(s+1) =25 +(s=1)*"V[(1-r)(2-7)]
r=1 +oo 2In(2) (s+1)In(s+1)—2sIn(s)+(s—1)In(s—1)
1<r<2 oo Q2= | [(s+1)*"=25""+(s=1)> " V[(1-r)(2-)]
r=2 +oo oo In{s*/[(s—1)(s+1)]}

r>2 oo oo [(s+1)*"=25""+(s= 1) Y[(1-r)(2-7)]




Table 2

N K M r shape | position
F | YES(WtoNVN)! | YES(K) | YES(MorM?)? | NO® | YES* | YES’
E | YESV) YES (K) | NO N/A | NO YES’
E | YES (NlogN) NO NO N/A | NO | NO
E | YES (NlogN) NO NO NO |[NO NO

! N for convex objects, NN for fractal-like objects

2 M with the single sum scheme, M with the double sum scheme

. AB .
3 FIA B and Fﬁq B histograms, however, are processed faster than other F,™ histograms

4 see ! above

> processing times are higher when there are forces in all directions (e.g., overlapping objects)
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